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TREATISE 


Angular Sections. 


CHAF LI 


Of the Duplication and Biſefion of 1 ARCH or 
ANGLE. 


E T the Chord (or Subtenſe) of 2n Arch propoſed, be called A, 
(or E;) of the Double, B; of the Treble, C; of the 
D; of the Quintruple, F; &c. The Radius, R; the Diameter, 
2R. ( But ſometimes we ſhall give,the name 'of the Subtenſe A, 


E, &c. to the Arch whoſe Subtenſe it is ; yet with that care, 
as not to be liable to a miſtake.) 


II. Where the Subtenſe of an Arch is A; kt the Verſed fine be V: (where Fig. 1. 
that is E, let this be U.) Which drawn into (or Multiplied by ) the remainder 
of the Diameter ( 2R—V) makes 2R V—Vq, the Square of the Right-fne: 
(this Sine being ® Mean-proportional between the Segments of the Diameter on 
which it ſtands erect, by 13 e6.) Thatis, (Q: + B:) the Square of (the Right- 
fine, or) half the Subtenfe of the double Arch: Thar is 3 2RV—VqQ=Q;14B: 
=43Bq. 


YL. If to this we add V q (the Square of the Verſed-ſine,) it makes 2 RV= 
(zBq+Vq=) Aq. ( Aud, by the fame reaſon, 2RU=Eq.) Thatis, 


IV. The Subtenſe of an Arch, is a Mean Progertiond between the Diaretcr and 
the Ver ſed-ſine. 


V. Again, becauſe2RV=Aq, therefore (dividing both by 2 R,) <0 =V ; 
And (theSquare thereof) P29 = v Fg Which ſubtracted from A q, leaves the 


Square of the Right-ſine, Aq—ing=S 4B. (Ard, in ike manner, 3 =, 
and =q, and ne :3B. That Is, 


AZ VI. If 


Of Angular Seftwns. Cuav.]. 


VI. If from the Square of the Subtenſe, we take its Biquadrate divided by the Square 
of the Diameter ;, the Remainder 1s equal to the Square of the Right-ſine : And the Square- 
root of that Remainder, to the Sine it ſelf : And, the double of this, to the Subtenſe of the 
double Arch. 


VIE Accordingly, becauſe A q— IP —4Bq, therefote (its Quadruple ) 
449 —3 —Bqz and Viahg—P: —B. (And in like manner, y/: 


4Eq—72:=B) That 1s, 


VIII. If from Four-times the Square of a Subtenſe, are taken its Biquadrate divided 
by the Square of the Radius; the Remainder is the Square of the Subteuſe of the double 
Arch : And, the Quadratick Root of that Remainder, is the Subtenſe it ſelf. 


BST ome. 495934 ,, bn 
= pers, Rq (©=B)=4/ Ra = wy: 4Rq=Aq: 
=z E= RK Ty 


X. The Reft-angle of the Subtenſes of an Arch, and of its Remajnder to a Semicircle, 
aivided by the Radins; 18 equal to the Subtenſe of the double Arch, 


XI. Becauſe © =B) therefore AE=XRB=2Rx3B: And, R.A::B.B:- 
And therefore. ( becauſe A E contain a Right-angle , as being an Angle in a 
Semicircle.) | 


XII. In a Right-angled Triangle » the Reft-angle. of the two Legs containing the 
Right-angle , is equal to that of the Hyporhenuſe, and the Perpendicular from the Bghe- 
angle thereupon. And, | 


XIII. es the Radins, to the, Subtenſe of an Arch, ſo the Subtenſt of its Remainder 
ro 4 Semicircle, is to that of the double Arch. : | ; 


XIV. Becauſe B, the Subtenſe of a double Arch, doth indifferently ſubtend the 
two Segments which compleat the whole Circumference ; and, conſequently, 
the half of either may be the ſingle Arch of this double : It is therefore neceſſary 
that this Equation have two (Affirmative) Roots; the greater of which we will 


call A; and the leſſer E: And therefore y : 4aq—P* : =B=V: 4Eq=— 


= That is, 


XV. eAny Arch, and its Remainder ts a Semictrcumference ,, ( as alſo its exceſs 
above a Semicircumference , aud either of them increaſed by one or more Semicireum- 
ferences, ) will have the ſame Subtenſe of the double Arch. For in all theſe Caſes, - 
the Subtenſe of the fingle Arch will be either A or E. | | 


XVI. Becauſe /: a: Fas) =o: 4E9—7,: And therefore, 
A E : 
4Aq—Rq, (=Bq)=4Eq—Xq 5 nd 4AqgRq—Agq (=Bq Rq) 
=4EqRq—Eqq: Therefore (by Tranſpoſition)4AqRq—4EqRq= 
Aqq—Eqq; and (dividing both by Aq—Eq,)4Rg= ( FISTS =} 
Aq+Eq. That is, 


XVII. Toe 


Crap. 1. Of Angular Seftions. 


XVII. The Square of the Diameter, is equal to the difference of the Biquadrates of 
- the Subtenſes of two Arches , (which together complete a Semicircumference) divided by 

the difference of their Squares : eAnd this alſo, equal to the ſam of the Squares of 
thoſe Subtenſes, That is, (becauſe AE contain a Right-angle.) | 


XVIII. In a Right-angled Triangle, the Square of the Hypothenuſe (4.R q) is equal 
) 


zo the Squares of the ſides contatming the Right-angle. (AQ+Eq. 


In; * + 
BY ot 
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1 C i ' 
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XIX. Or thus, Becauſe B is the common Subtenſe to two Segments , which Fig. 1I. 


together complete the whole Circumference ; and therefore the half of both; 
complete the Semicircumference: If therefore ina Circle (according to Proftemy's 
Lemma ) a Trapezium be inſcribed , whoſe oppoſite ſides are A, A; and E, E: 
The Diagonals will be Diameters , that is, 2R: And, conſequently, 4Rq= 
Aq+Eq; as before. : 


XX. Hence therefore , The Radins (R) with the Subtenſe of an Arch (AorE) 
being given; we have thence the Subtenſe of the double Arch, B: ( which is the 
Duplication of a: Arch or Angle.) For, R, A, being given; we have E=4/:4Rq 
—Aq. (orR,E, being given, we have A=4Rq—Eq:) And, having 
R, A, E; we have B ===; by $ 9. | 


XXI. The Radius R, with B the Subtenſe of the double Arch , being given; we 
have thence the Subtenſe of the ſingle Arch, A or E. (which is the BrſetHon of an 
Arch ot Angle.) For , by $ 14, V:4Aq—=F2: =B=v/:4Eq—=F2: And 
therefore 4Rq Aq—Aqq (=RqBq) =4Rq&q—Eqq. And the Roots 
of this Equation, 2RqzZ4/:4Rqq—RqBq:=2RqtRy:4Rq—Bq: = Aq, 
o& Eq. And, the Quadratick Root of this, is A, or E: | | 


XX11. Hence alſo we have an eaſie Method, for 4 Geometrical Conſtruftion for x 


the Reſolution of ſuch Biquadratick Equations; . or Quadratitk Equations of a Plain Root, 
wherein the Higheſt Power is Negative. ( Underſtand it in Mr. Oughtred's Language : 


Who puts the Abſolute Quantity, Affirmative z and by it ſelf; -and the reſt.of” 


the Equation all on the other ſide.) Suppoſe, R-qBy=4RqaAaq—aAgqq; or 
(putting P=+4B,) 4RqPq=4Rqaq—Aqq. For, dividing the Abſolute 
term RqBq, or4RqPq, by the Co-efficient of the' middle term4Rq, the 
Reſult is4Bq, or Pq; and its Root 3 B or P. Which being ſet Perpendicular 
on a Diameter equal to 2 R (the Square Root of that Co-efficient: ) a ftreight 
Line from the top of it , Parallel to that Diameter , will (if the Equation be 
not impoſſible ) cut the Circle, orat leaft touch it : From which Point of Section 


or Contact, two ſtreight-lines drawn to the ends of- the Diameter , are A, and 


E, the two Roots of that (ambiguous) Biquadratick Equation, (or,.if we call 
it a Quadratick of a Plain-root, the Root of the Plain-root of fuch Quadratick 
Equation.) | } 

XXIII. And this Conſtruction, is the ſame with the Reſolution of this Problem; 
In a Right-angled Triangle , the Hypothenuſe being given, and a Perpendicular from 
the Right-angle thereupon , to find the other ſides; (and, if need be, the Angles, 
the Segments of the Hypothenuſe, and the Area of the Triangle 3 R B 
or PR.) TG ot: | | 


XXIV. Or thus: Having R and B, (as at $ 22.) with the Radius R deſcribe 
2 Circls ; and therein inſcribe the Chord B; and another on the middle hereof 
at Right-angles : (which will therefore biſeCt that, and be a Diameter : ). And, 
from both ends of this, to- either end of B, draw the Lines A, E; as before. 
And this Conſtruction is better than the former , becauſe of the-uncertainty of 
the preciſe Point of ContaC&t or Section , in caſe the Seion be ſomewhat 


Oblique. = = | 
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XXV. Now if it be deſired, in like manner, to give a like ConſtruQtion, 
in Caſe of ſuch Biguadratich Equations (Or Quadraticks of a Plain-root ) where 
the higheſt Power is Affirmative ;, ( though that be here 2 Digreſlion , as jn all che 
reſt that follow, toF 35.) It is thus: Suppoſe the Equations Aqgq—Vqag 
—=VqEq=Pqq+VqPq: Whoſe (Affirmative) Roots are Aq, and Pq; 
(and therefore Vqs.Vq Eq, and conſequently Eq, are known Quantities: ) 
Therefore (by btion) Aqgg—VqAgrVqPg; and (dividing by 
Aqi-Pq,) Aq—Pq (=Fp-)=V4 And therefore Aq—Vq = Pg; 
Pei Ve=4s And (by Multiplication) Aqq——VqaAq=zAqPq=Pgq 
+ VaPgqez Vqtq 


Aq—Vq=Pq Aq=Pq-+-Vq 
| xAq  - 
Aqq—=Vqaq=zAqPpq == PqqrVqPq=zVaqgte 


XXVI. The Equation metre propoſed Oh by V Y —_ to this 
SH ac AFL ra-<1t . £03... 
ry Aq=", =£4= Va + Pq. ras T Vz=J = vo = 
Eq=L + Vx. Whoſe Roots are —y7 and = Namely, y/:Eq—--4 


Vq:+3V =. andy:Eqb4Vq;—+V=>. And theſe Multiplied 
into V (a known Quantity ) make Aq, and Pq: Namely, V4/: Eq+4vq: 
+iVq=Aq And Vy/:Eq+4Vq:—iVq=Pq And conſequently, A 
is a mean Proportional between V and /: Eq++4Vq:+$V. And P, a mean 
Proportional between V andg/: Eq iVq:o—iV. Therefore, | 


XXVII. An Equation beipg propoſed in one of theſe Forms, Aqq—VqAaq 
=VqEq=Pqq+VqPq: The abſolute term (VqE5) being divided by the 
cient of the middle term (V qz) the quantity ann, Arn (Eq) whoſe 

an the end of a ſtreight Line equal to (V) 

the Square-root of the Co-efficient ; which we may ſuppoſe the Diameter of a 
Circle, to which that dicular is a Tangent: On the ſame Center with this 
Circle (and on the ſame Diameter continued) by the Top of that Perpendicular, 
draw! Circle, ., The Diameter of this ſecond Circle, is, by that Perpendi- 
cylar (E) cut into two Segments, which are the Roots of theſe Equations. 


That is, U=; and 1 = 2. 


XXYJ9). Or, (without drawing that ſecond Circle,) from the Top of that 
Perpendicular (in a ftreight Line through the Center of the firſt, which will 


| , . , R Þ 
cnt the Circumference in two Points, ) to the firſt Seftion, is U= _ 3 to the 
ſecond, U+V = 21, 


XXIX. Theſe two Roots, Multiplied one into the other, become equal to the 
Abſolute quantity, RL, Eq. And Multiplied into V, become Aq, Pq: Or, 
thus, P is a mean Proportional between V and U; and A, between V and VU: 
Or ttws, P is a mean Proportional between V and U = = ; and (becauſe by $ 
25, Aq=Pq+Vaq,) A is the Hypothenuſe (in a Right-angled Triangle) to 
the Legs P, V. And this is no contemptible Method , For the reſulving Quadra- 
116k, Equations of a Plain-rogt , wherein the bigbeſt term 15 Affirmative. "The whole 
Geometrick Conſtruftion, is clear enough from the Figures adjoined ; where yet 
oo Worn, (for the molt part) ferve rather for the Demonſtration , than the 

n{truction. 


XXX. Again, 
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XXX. Again, (by the ſame 25.) Eq = Jp q=Uq--Pq. And there- 


fore A and E, are allo the Legs of a' Right-angled Triangle , whoſe Hypothe- 
nuſe is V+ U: Which, by P ( a Perpendicular on it from the Right-angle) is 
cut into thoſe two Segments. - | 


XXKXI. From the ſame ConſtruEtion therefore , we have alſo the Geometrical 
ConſcruCtion of this Problem ; 7» a Right-angled Triangle , having one of the Legs 
E, with the farther Segment of the Hypothenuſe V, to find the other Segment ;, (and 


ſo the whole VU; and the Perpendicular P; and the other Leg A; and the 
whoſe Triangle. ) « 


XXKXII. We have thence alſo this Analogy; V. P:: A(=y/:Pq+Vq:).E. 
And V.A::P(=y: Aq—Vq:).E. Ortihus, Vq. Pq::Pq+Vq. Eq. 
andVq.Aq:: Aq—Vq. Eq. . 


XXKIII. If therefore we make V the Radius of a Circle; then is A the Fig. VI: 
Secant 3 P, the Tangent; E a Parallel to the Right-ſine (in contrary poſition) 
from the end of the Secant to the Diameter produced. If we make A'the Ra- 
dius ; then is P the Right-ſine , and E the Tangent of the ſame Arch; and V, 
the Sine of the Complement , or Difference between the Radius and Verſed 
Sine. From hence therefore , | h 


RXXIV. The Tangent F,, and Sine of the Complement V, being given; we have 
the Right-ſine P., and the Radius A. (But, 'F 25, and all hitherto, is a 
Djgrellion.) 


 XXXY, If in a Semicircle on the Diameter 2 R, we inſcribe B the Subtenſe Fg. VIE. 
of a double Arch : A Perpendicular on the middle Point hereof, will cut the 
arch of that Semicircle into-two Segments, -( whoſe  Subtenſes are A, E;) 
either of which is a ſingle: Arch, to the \donble whereof, - B is a 'Snbtenſe. 
This, as to E., is evident from 4e1, and 28e 3: And, as to A, from 


$ 15 of this. 


 NXKVI. But alſo (by the. ſame reafon,), the Arch © (the difference of the 
Arches A, E;) and B (the double of either, ) will-(-if doubled) have:the fame 
Subtenſe of their double Arch. That is, The double of the doable (of either ) 
ad the double of their difference , will have the ſame Subtenſe: | 


XXXVII. Ifan Arch to be doubled, be juft-a-thirdpart-of the -Circumference; Fig.VIIT:; 
the Subtenſe of the double, is equal to that of the fingle Arch. (For the ſame 
Snþtenfe , which on one fide ſubtcnds two. Frients ,- doth: og the other ſide 


lbtend but-one.) Thats, by & 7, 4 Aq— GH BqJ=Aq. And there- 
fore (by Tranſpolition) 3 Aq= | and 3Rq = Aq. : That is, 


XX XVHI. het Share of the: Subtenſe to a Trient of the Circumferente (or of 


the fide of an Fquilater Triangle infcribed ) 4s equal #0 three Squares of the 
Radius. 


XNEIK A Apain ,\ theiſameiboing the Subtenſe:of the double Trient , and of 
the.donble Sexrant , (for a Trient- and a Sextant-compleat the half, 3 -|-5 = 3) 
the Square of the Subtenſe of a Sextant, ( Eq, ) is the difference of the,;Squares 
of thar of the Trient , and (the Diameter or) that of the Semicircumference. 
thatis, 4Rq—Aq=Eqz that is, (by S preced.) 4Rq—3Rq=Rq=Eq: 
ind, E -=R. 'Thar is, | FR | 


XL. The Subteaſe of a Sextant (or ſide of the-inferibed Equilater :Hexagon) #s 
tnal to the Radins, 


CHAP. 
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Fig. IX. 


CHAP. I 
Of the Triplication and Triſeftion of an ARCH or 
ANGLE. | 
I. W F in a Circle, be inſcribed a Quadrilater , whoſe three ſides are A, A, A, 


(Subtenſes of a ſingle Arch) and the - fourth C, (the Subtenſe of the 
Triple Arch:) the Diagonals are B, B, the Subtenſe of the double ;) as 


is evident. But it is evident alſo, that (in this Caſe) A is leſs than a 
Trient of the whole Circumference. 


IT. And therefore (the Rect-angle of the Diagonals being equal to the two 
Re&t-angles of the oppoſite ſides,) Bq=4Aq++AC; and therefore Bq — Aq 


| _ B n 
—=AC, and ry —29_L _A=C. That 1s, 


III. The Square of the Subtenſe of the double Arch, is equal to the Square of the 
Subtenſe of the Single Arch (leſs than a Trient of the Circumference ) and the Rett- 
angle of the Subtenſes of the Sngle and Treble Arch. And therefore, 


IV. The Square of the Subtenſe of the double Arch, wanting the Square of the 
Subtenſe of the ſingle Arch , (being leſs than a Trient, ) us equal to the Reft-angle 
of the Subtenſes of the ſingle and Treble Arch. And conſequently, 


V. If the Square of the Subtenſe of the donble Arch, wanting the Square of the 
Subrenſe of the ſingle Arch ( leſs than a Trient, ) be divided by the Subtenſe of the 
ſingle Arch; the Reſult us the Subtenſe of the Triple Arch. | 


VI. Becauſe that (by $ 2.) = 21—=C; and, that B4-A into B-A 


is equal to Bq —Aq: (as will appear by Multiplication : ).. Therefore, A . 
B+A+:':; B-A . C. Thats, 24556 


VII. es the Subrenſe of a ſingle Arch ( leſs than a Trient ) to the ſum of the 
Subtenſes of the ſingle and double Arch; ſo is the Exceſs of that of the double above 
that of the ſingle , to the Subtenſe of the Triple, 


VIII. Again , becauſe (by 7, of the precedent Chapter , ) Bq=4Aq=— 


Ba— 
=: Therefore, Bq—-Aq (=AC) = 3 Aq—72: And therefore by ou, 


AC . 
= A—=C That 1s, 


IX. The Triple of the Subtenſe of an Arch ( leſs than a Trient, ) wanting the 
Cube thereof, drvided: by the Square of the Radins ;, is equal to the Subtenſe of the 
Triple Arch. 


R. But, becanſe the ſame Snbtenſe- C, ſubtends alſo to another Segment of 


the ſame Circle; the Subtenſe of whoſe Triemt we ſhall call E: Therefore 3 A — 
AC EC 


XI. And becauſe the three Arches A, A, A; and the three ArchesE, E,E; 
complete the whole Circumference: ( as is evident ;) Therefore , once A, and * 
once E, complete a Trient or third part thereof. Theretore, 


XII. an 


Caap.ll. Of Angular Settions. 7 


XII. e-fn Arch leſs than the Trient of a Circumference , and the Reſidue of that Fig. IX. 
Trient , (A, and E;) have the ſame Subtenſe of their Triple Arch. 


XIII. Again, becauſe (as is ſhewed already) 3 A— __ 3 RT ; and 


therefore 3 Rqa—Ac=3RqE—Ec; and 9A — > Rghn4aco— 
Therefore, (dividing both by A—E,) zRq(=? wa = EEE 
=Aq-+AE-+Eq. (As will appear upon dividing Ac—Ec by A—E; or 
Multiplying A—E into Aq+AE+Eq.) 


XIV. But (by $ 37, 38, Chap. preced.) 3Rq is the Square of the Subtenſe of 
a Trient; that is (by Y 11 of this) of the ſum of the Arches A and E. There- 


fore, 


XV. The Square of the Subtenſe of the Trient of the Circumference of a Circle , 
(or three Squares of the Radius,) 7s equal ro the Squares of the Subtenſes of any rwo 
Arches completing that Trient, and the Keft-angle of them. Thatis, (putting T 
for the Subtenſe of a Trient) Tq (=3Rq)=Aq+AE+Ag. 


XVI. But the Angle which AE contain, (as being an Angle in the Trient of 
a Circle , or inſiſting on two Trients,) is an Angle of x20 Degrees. And there- 


fore (by F 15.) 


XVII. In a Right-lined Triangle , one of whoſe Arigles is 120 Degrees; the Square 
of the Subtenſe to that Angle, is equal to the rwo Squares of the ſides containing it , 
and a Ref-angle of thoſe ſides. (For, if ſuch Triangle be inſcribed in a Circle, 
the Baſe of that Triangle , will be the ſubtendent of a Trient in ſuch Circle ; 


or 3Rq) | 


XVIII. If a Quadrilater be inſcribed in a Circle, three of whoſe ſides are Fig. X; 
A,E, A,(orE, A, E,) and the fourth Z: Each of the Diagonals (byF 11.) 
is T, the Subtenſe of a Trient. And therefore (by $ 13, 14, 15,) ZE+ Aq 
(= ZA+Eq) =Tq=g3Rq=z4A4q+AE+Eq And, conſequently , 
ZE=AE-+Eq, and ZA=Aq+AEz; and therefore, Z= A+ E. And 
therefore , | 


XIX. If to the Aggregate of two Arches A, E., ( completing a Trient, ) be added 
a third equal to either of them; Z, the Subtenſe of the Aggregate of all the three, 
is equal to the ſum of the Subtenſes of thoſe two, That is, Z=A+E. 


XX. But the ſame Chord Z, doth ſubtend, on the one fide, to a Trient 
increaſed by the Arch A; and, on the other ſide, to a Trient increaſed by the 
Arch E; (as is evident;) That is, to an Arch which doth as?much exceed a 


Trient (or want of two Trients,) as the Arch A.or E wants of a Trient. 
Therefore , 


XX1: The Apgregare of the Subtenſes of two Arches , which together make np 4 
Trient ; is equal to the Subtenſe of another Arch which doth as much exceed a Trieat , 
(or want of two Trients, ) as either of thoſe two wants of a Trient. 


XXII. The fame will in like manner be inferred, if we inſcribe a Quadrilater Fig. XE- 


whoſe oppoſite ſides are A, T, and E, T; and the Diagonals T Z. For then 
TA+TE=TZ; and therefore A+-E=Z, as before. 


B ; XXII. But 


8 
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Fig. XI. 


Fig. XII. 


XX111. But if either of the Arches to which Z ſubtendeth ( greater than a 
Trient , and leſs than two Trients) be Tripled; the Subtenſe of this Iriple, 
is the {ame with that of the Triple of A or E. For the Triple of an Arch 
greater thana Trient, is equal to one whole Circumference with the Triple 
of that Exceſs. (For the Tripleof 34A, is 1-- 3A.) Now becauſe, when 
we have once gone round the whole Circumference , we are juſt there where 
at firſt we began ; this therefore (as to this Point) 1s as nothing ; and the whole 
diſtance to be acquired is but the Triple of ſuch Exceſs ; and juſt the ſame as 
if onely this Exceſs had been thrice taken. 


XXIV. As for Example: If the Arch ſubtended by Z, be Þy &, (that is, a 
Trient increaſed by the Arch E;) and to this we add a ſecond equal to it , 
79; the Aggregate Þ»'(9, 1s the double Arch, and the Subtenſe thereot- 
is B, or 8, (which is alſo the Subtenſe of the Difference of the Arches A,E:) 
and if to theſe two, we adda third equal to either of them 0y «; then is 
BySQ8yx, the Triple of the Arch firft propoſed; and the Subtenſe hereof 
(that is, the Streight-line which joyns the beginning and the end of this Triple 
Arch) is 8x = C; the very ſame which ſubtends the Triple of E. 


XXV. And juſt the ſame would come to paſs, if for the firſt Arch we take 
£974 (that is, a Trient increaſed by A,) to. which Z is a ſubtendent likewiſe. 
For, taking a ſecond equal to it £x 89 ; the Aggregate #8{Sxy 48 ( more 
than one entire Circumference ) 1s the double Arch, and the Subtenke thereof 
B as before: And if to theſe two we add a third equal to either, 97/4; 
the Triple Arch is £84 xy890 x; and the Subtenſe hereof (as before) & « or 
C; the ſame with the ſubtendent of the Triple of A. And therefore , 


XXVI. The Triple of an Arch greater than a Trieut , bath the ſame Subtenſe 
with the Triple of its Exceſs above a Trient. And the ſame (for the ſame reaſon) 
holds in Arches greater than 2, 3, or more Trients. 


XXV1!. Butnote here, that, inthis caſe; That is, if the Arch to be Tripled 
be greater thana Trient, but leſs than two Trients, (for if more than two Trients, 
but leſs than the whole Circamference, it is the {ame as if it were leſs than a 
Tri-: ; the Subtenſe of the double is lefs than that of the: ſingle. For, in 
ſuch caic, the Arch will differ from that of a Semicircle (either in Exceſs or in 
Defe&t) by leſs than 4 of the whole Circumference. Let it be X. If there- 
fore 3 XX be the ſingle Arch, the double will be 1 2X; and the Subtenſe 
thereof (whether greater or leſs than one entire revolution) will be the ſame with 
that of 2 X: And therefore ( X .being leſs than 4,) 2 X will require a lefs 
Subtenſe than that of 4. X ; that being leſs than the Subtenſe of a Trient, 
but this greater than it. And the like is to- be underſtood in other caſes of 
hke nature. 


q—Aq Bq—Zq 


== rf 
Z 
C; C muſt in this.caſe be a Negative quantity : Or, if we put C Affirmative, 
then muſt Z be Negative, (or leſs than nothing:) For Bq —Zq (where a 
greater quantity is to be ſubtended from a leſs) muſt needs be Negative ; that 
i5Bq—-Zq=Zc; where Z c being a Negative, either Z or C muſt be fo 
too, or elſe (putting all Affirmative) Zq—Bq=Zc,andZq=Bq 
Z C 


_— 


XX VIII. Suppoſing therefore , as before , n 


XXIX. Which is evident alſo from the Diagram; where, for this reaſon , 
ZZ become Diagonals ; and both BB, and Z C, oppoſite ſides. And therefore 


| - Ib 
Zq—Bq=2ZC, orZq=Bq+Zc; and I =Z —f=C. That 


IS, 


XXX, The 


Caap. ll. Of Angular Seftions. 


XXX. The Square of the Subtenſe of a ſingle Arch , greater than a Trient, butt Fig. X11. 


leſs than two Trients, is equal to the Square of the Subtenſe of the double Arch, together 
with a Rett-angle of the Subrenſes of the ſingle and Triple Arch. And, 


XXXI. The Square of the Subtenſe of a ſingle Arch (greater than a Trient, but 
leſs than two Trients, ) wanting the Square of the Subtenſe of the double Arch, is equal 
r0 the Rettangle of the Subtenſes of the ſomgle and Triple Arch. And therefore , 


XXXII. If the Square of the Subtenſe of a ſingle Arch ( greater than a Trient, 
but leſs than two Trients, ) wanting thc Square of the Subrenſe ph the double Arch , be 
divided by that of the ſingle , the Reſult 15 the Subtenſe of the Triple Arch: (Or, if 
divided by that of the Triple, the Reſult is that of the lingle.) Or, 


ewo Trients,) we Subtraft the Square of the Subtenſe of the double Arch divided by 


XXXIII. If from the Subtenſe of a ſingle Arch (greater than a Trient but leſs than 
roſe © of the Triple, 


that of the ſingle; the Remainder is equal to the 


XXX1V. But, becauſe of ***3 = C,, or Z) Zq—Bq (C; and Zq— 


Bq=Z--BintoZ—B: We have thence this Analogy, Z . Z+B :: 
Z—B . C. Thats, 


KXXV. es the Subtenſe of 4 ſngle Arch ( greater than a Trient but leſs than two 
Trients,) to the Aggregate of the Subtenſes of the ſingle and double; ſo is that of the 
ſingle wanting that F the double to that of the Triple. 


XXXVI. Now becauſe (as we have ſhewed) Zq—Bq=Z C; and ( by 
F 7, 8, Chap. preced.Q) Bq=4Zq—2: Therefore Zq—Bq(=Zq=—47Zq 
24.291. at IT. Zorn : 
+ I" Ra 3Zq: And 7” =mn 3Z=C. That is, 
XXXVII. If from the Cube of the Subtenſe of a ſingle Arch (greater than a Trient 


but leſs than two Trients ) divided by the Square of the Radins; we ſubrratt the Triple 
of that Subtenſe : The Remainder is equal to the Swhrenſe of the Triple Arch. 


XXXVYIIL If the Arch to be Tripled be greater than two Trients, it is the 
ſame as if it were leſs thah one Trient. (For the Reſidue of the whole , to 
which it alſo ſubtends, is then leſs than a Trient.) And therefore the ſame 
Chord (ſuppoſe A or E) ſubtends as well to an Arch greater than zgwo Trients, 
as to one lefs than one Trient. 


XXXIRX. If the Atch to be Tripled be equal to a Trient ; it is indifferent to 
whether of the two caſes it be referred, (that of the greater, or that of the 
teſſer, than a Trient,) and the ſame happens if it be ſuppoſed equal to two or 
more Trients , or to one or more intire revolutions. 


XL. I the Arch to be Tripled be —_ than one or more intire revolutions ; 
its Subtenſe is the ſame with that of its Exceſs above thoſe intire revolutions , 
and to be conſidered in like manner, which things are evident and need no further 

- demonſtration. 


XLI. Now what hath been ſeverally delivered concerning the Triphication 
of an Arch or Angle leſs than a Trient; and of one greater than a Trient, but 
leſs than two Trientsz (to one of which caſes every Arch may be referred , 
2s is already ſhewed;) we may thus, jointly put together. , 


B z XLH. The 


IO 


Of Angular Settions. Cnae.Il 


Fig. XII. 


Fig.XI1I1. 


XLII. The Difference of the Squares of the Subtenſes of the ſingle and double Arch 
(whether ſoever of them be the greater, ) 15 equal ro the Rett-angle of the Subrenſes of the 
ſingle and Triple. (by S 4 and 31.) That is, Bq—Aq=AC, and Zq— 
Bq=ZC. And therefore , 


XLIII. 1f the Difference of the Squares of the Subtenſes of the ſingle and double 
Arch, be din.ided bythe Subtenſe of the ſingle, 1t gives that of the Triple : If, by that 


of the Triple, .it gives that of the ſingle. (by & 5, 32.) That is, 129 


__Zq—Bq Sy— aq __ ERS 
<_ 7 s And C — A. An C —— A And, 


XLIV. es the Subtenſe of the ſingle Arch , to the Aggregate of the Subtenſes 
of the ſingle and double ſo is the Difference of theſe Subtenſes, to the Subtenſe of 
che Triple. (by S 7, 35-) That is, A. BFA :: B-A.C. And Z. Z 
—'-B :: Z—B . GC. | 
 XLV. Now for as much as (by $ 12, 26.) the Three Arches A, E, Z, if 
Tripled, will have the ſame Subrenſe of the Triple Arch C: "Tis thence manifeſt, 


that ſuch Equation as this ( which concerns the Triſettion of an Arch, 3 O - wm, 


muſt have in all Three Roots, as A,E, £Z: (For every of theſe, upon ſuch 
Triplication , will have the Subtenſe of the Triple Arch, C:) Yet ſo; that, 
mhere A and FE are Affirmative Roots, Z is a Negative; and contrarywiſe, where 
this is Affirmative, thoſe be. Negative. Thar 1s, in this Equation, 3 O — 


ITS. 
ES=C the Roots are - A, -+E—Z. But, inthis, RIO =G the 
Roots are —A, —E, + Z. And therefore, 3 A—Ro=3E—Ef = © _- 
Zc 


Ra 3G | And, conſequently, 3ARq—=Ac=3ERq—Ec=CRq=z 


Zc—3ZRQyq- 


XL.VI. Since therefore g AR q—Ac= Ze—3 ZRq;z and conſequently 
(by Tranſpoſition) 3ZRq+3ARq=Zc+AC; it is alſo (dividing both 
ſides by Z+A,) 3Rq= ( —_ =) Zq—ZA+Aq. (For Z+A into 
Zq—ZA+Aq, is equalto Zc-+ Ac; as will appear by Multiplication ; 
and contrarywiſe, if this be divided by either of thoſe, the Quotient will be 
the other of them , as will be found by Diviſion.) And in ike manner ; becauſe 
alſo z3ERq—-Ec=Zc—3ZRq, therefore 3ZRq+3z3ERq=Zc+Ec; 


and 3Rq= (<=) 29—ZE-+Eq. That is, 


XL VII. Of ewo Arches , whereof the one exceeds the other by a Trient of the whole 
Circumference ; or elſe , whereof the one doth as much exceed a Trient as the other 
warts of it ; the Squares of the Subtenſes, wanting a Rett-angle of the ſame Subrenſes, 
are equal to the Square of the Subtenſe of a Trient , or Three times the Square of the 
Radius, Thatis, Zq—ZA+Aq=3Rq=Tq=Zqg-ZE+Eq 


XL.VIII. Now the Angle contained by the Legs ZA, or ZE, (ſtanding on 
the Chord T,) is an Angle of 60 Degrees; (as being an Angle in the Circum- 
ference ſtanding on an Arch of 120 Degrees.) And therefore, 


XLIX. In a Right-lined Triangle, one of whoſe Angles is of 60 Degrees; the 
Square of the ſide oppoſite ts this Angle , 3s equal to the two Squares of the ſides contatn- 
ig it , wanting the Reft-angle of the ſame ſides. (For any ſuch Triangle may be thus 
—_ ina Circle:) Thatis, Zq—ZA+Aq, (or Zq—ZE--Eq)=Tq 
—=3NR | 


L-. he 


I1 
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L. The ſame things (from F$ 45, &c.) may be thus otherwiſe inferred. 7;o.X11I 


Becauſe (byY 15) Aq-þAE-þEqQ=3Rq, and (by 18orai.) Z=A+E; 
therefore Zq —= Aq-++ 2 AE-|-Eq,and ZA=Aq-þAE,(and ZE=AE-bEg,) 
and therefore Zq—ZA=AE—+Eq, (and Zq—ZE=Aq-|AE;) and 
conſequently Zq—ZA--Aq(orZq—ZE-+Eq,) =AqeAE+Eq=3Rq. 
From whence the reſt are inferred as before. 


+Aq+2AE+Eq=+Zq H+Aqb2AE+Eq =+Zq 
—Aq—AE Es Som MN —AE—Eq = —-ZE 
--Aq 4 + Eq =+Eq 


Aq+AE+Eq=Zq—ZA+Aq Aq-HAE+Eq=Zq—ZE+Eq. 


LI. Moreover , becauſe (as is before ſhewed) : -_— =Aqþ+AE-HEq= 


ZzZc+ Ac oo _ TEE. 
=Zq—ZA+Aq=Zq-ZE+Eq= A. 


We may thence infer 'the following Theorems. 


$Rq=lq= 


LII. The Difference of the Cubes of two Legs containing an Angle of 120 degrees, 
divided by the Difference of thoſe Legs, 5 equal to the Square of the Baſe ſubten- 
ded to it, 


LII. But if it be an Angle of 60 degrees; the ſum of the Cubes of the Legs or ſides 
containing it , divided by the ſum of thoſe ſides, is equal ro the Square of the 
Baſe. Again, 


LIV. The Difference of the Legs containing an Angle of 120 degrees, Multiplied 
into the Square of the Baſe , us equal to the Difference of the Cubes of thoſe Legs. 


LV. But if it be an Angle of 60 deprees; the ſum of the Legs Multiplied into the 
Square of the Baſe 1s equal to the ſum of the Cubes of thoſe Legs. 


; E | 

LVI. Again , becauſe 3 A— Fo (or 3 E— = ==C; al a —IZ=c 

Ac Ts EC Z © | 

Therefore nn (and z3 E=C= Ra 22. 20d Ra —3L+C And 
therefore , 


LVII. The Difference between the Triple of the Subteriſe of a ſingle Arch, leſs 
than a Trient ; and, of the Subtenſe of the Triple of that Arch; equal ro the 
Cube of the Subtenſe of that ſingle Arch , divided by the Square of the Radius. And 
Pry: road , That Difference MMulriplied into the Square of the Radius, us equal to 
uch Cube. 


LVIII The ſum of the Triple of the Subtenſe of a ſingle Arch greater than a 
Trient , bat leſs than two Trients , and of the Subtenſe of the Triple Arch; is equal 
to the Cube of the Subtenſe of that ſingle Arch divided by the Square of the Radius. 
And —— That ſum Multiplied into the Square of the Radins , is equal to 
ſuch Cube, 


HE = Zc 


- LE x IE ww LE 
LIX. Becauſe (as is before ſhewed) FS ho =3E Es C= Rq 


—3Z: Or, 3ARq=AC=3ERq_Ec=CRqe=Zc—37Rq: There- 
fore the Subtenſe of an Arch being given (as A, E,or Z,) together with the Radius 
R; we have thence the Subtenſe of the Triple Areh C. Which is, rhe Triplication 
of an Arch or Angle. 


LX. And 


A P_ 
TE C_— Sims. than. a fRc- 
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Fig. XIII 


LX. And, contrarywiſe ; T he Radius of a Circle R, and the Subtenſe of the Triple 
Arch C, being given; we have thence the Subtenſe of the ſmgle Arch, (A,E, or 7.) 
by refolving ſuch a Cubick. Equation. Which is, the Triſettion of an Arch or Angle. 
But the Geometrical effeCtion thereof is not to be performed by Rule and Com- 
paſs; without the help of a Conick Section, or ſome Line more Compounded. 


LXI. But then, on the other ſide ; ſ#cb Cabick Equations may be reſolved by 
the Triſettion of an Arch, For, ſuppoſe a Cubick Equation of this Form, 3 RqaA 
—Ac, (or zRqE—Ec,) =RqC; whoſe Root A (orE) is fought. Now 
if R (the Square-root of a third part of the Co-efficient) be made the Radius 


of a Circle, (that is, V 3, =R;) and therein be infcribed C, which is 


the Reſult of the abſolute term divided by the third part of the Co-efficient, 
( that is, = —=C;) And either of the Arches to which this Chord ſubtends 
be divided into three equal parts: The Chord which ſubtendeth to one of thoſe 
parts is an (Affirmative) Root of that Equation ; which therefore: hath two 


Affirmative Roots ; ſuppoſe A, and E. 


LXII. But it hath moreover a Negative Root ; which is the Subtenſe of either 
of thoſe Arches ( whoſe Chord is A, or E}) increaſed by a Trient of the whole 
Circumference, ſuppoſe Z. I ſay either of thoſe Arches; for the ſame Chord 7. - 
which on the one tide ſubtendsa Trient increaſed by the Arch A, ſubtends on 
the other fide a like Trient increaſed by E. 


LXIII. But if the Equation be of this Form, Zc—3RqZzZ=RqC: The 
proceſs is juſt the ſame in all Points; fave, that then, there is but one Affirma- 
tive Root, Z; and two Negatives, A, E. | 


'L XIV. But, in both Cafes, it muſt be ſtill obſerved, That the Chord C be 
mot preater than 2R. (For when this happens, the Chord C, as being greater 


than the Diameter, cannot be inſcribed in ſuch Circle.) Or , (Which is in 


effect the ſame; ) That the Square of Half the Abſolme term, be not greater than 
the Cube of a third part of the Co-efficient of the middle rerm. For , the'third part 
of that Co-efficient being Rq, and the Cube thereof R*; and half the Abſo- 
tate quantity #RqC, and the Square of this 4Rqq Cq; if this Squate be 
greater than that Cube, and therefore ( dividing both by Rqq) 4 Cq greater 
thanR q, and (taking the Roots of both) x C greater than R; then muſt C 
be greater than 2R the Diameter, and therefore cannot be inſcribed in the 
Circle. Ard therefore , when thi: happens, ſuch Equations cannot be thus reſolved 
by the Triſefttion of an Arch. But they may by ( what are wont to be called) 
Cardan's Rules, (as I have elſewhere ſhewed,) the conſideratian of which doth 
not belong to this place. : 


LXV. If an Arch to be Tripled be a Trient (or Two, Three, Four, ior 
more Trients ; ) the Triple Arch will therefore be one iatire Revolution, (0 
Two, Three, Four, or more intire Revolutions;) and the Subtenſe of the 
Triple will be nothing z (the beginning and end of ſuch Triple Arch being the 

, ; Ac Ec Zc | 
ſame Point : ) That s, _ an E— a = C (=x\—3=0. 
C C Cc 


That is, (as was before ſhewed) 


 LXVI. The Square of the Subtenſe of a Trient, (or of the ſide of an Equilater 
inſcribed Triangle) # equal ro three Squares of the Radius, \ 


LXYIL. If 


Demo 
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TH 


LXVII. If an Arch to be Tripled be a Quadrant ; it is manifeſt that the Sub- Fig.XIV. 


tenſe of the Triple, is equal to that of the fingle. (For the ſame Chord, ſub- 
tendeth, on the one ſide, to Three ſuch Arches; and, on the other fide, but to 


; A 
- one.) Thatis, $3 = - 


Ac 
- C=A; and therefore 2 A— = 93 and 2Rq 


LXVIII. The Square of the Subtenſe of a Quadrant (or of the fide of an inſcribed 
Quadrate) 2 equal to two Squares of the Radins. 


LXIX. The ſame may be inferred , from the BiſeCtion of a Semicircumference. 
For the Subtenſe of that being 2R; and therefore (by S 9, Chap. preced.) 2R 


OB = . y:4Rq—Aq: Or, (putting E for the Remainder of that Quadrant 


PE AE | : : 
to the Semicircle) 2R =- "I Or , (becauſe » this caſe E=A,) 2R= 22 
Therefore 23Rq=Aq, as before; and A=Ry 2. 


LXX. Bur if the Arch to be Tripled be of a Semicircle (and ſo, greater than 
a Trient, ) the Subtenſe of the Triple will be the ſame with that of the ſingle ; 


but with a contrary lign, (by SY 28;) and therefore (by C36.) = — 37 = 


C=2Z; that1s, =p7 or Zc=4ZRq, and Zq=4qRgq, andZ=2R. 


Which is the third , or Negative Root, of the laſt mentioned Equation, 3 A— 
= —=C=A; beſide the two Afftrmatives A, E, the Subtenſes of the two 


Quadrants : This being equal to the Aggregate of both, with the contrary 
ſign. | 


LXXI. Moregver; becauſe the ſame Subtenſe (before mentioned,) C = A, 
ſubtends not onely to the Triple of a Quadrant on the one tide; bur alſo, on 
the other ſide, to the ſingle Quadrant; to a third part of this therefore the 
Root E. is to be alſo a ſubtendent : (that is, to an Arch of zo degrees.) That is, 


-Þ£ 
; E 5 = C=A. 


EXXIT. And, becauſe (by $ 15.) Aq-EAE+Eq=3Rq, and (by $ 67.) 
Aq=zRq; therefore AE-þ-Eq=Rq. And therefore (by reſolving this E- 
quation) E=y/:3Rq(=+Aq)-FRq: —yVIRq: =vi3Rq—yiRq= 


L22SK (= _ -R. And than, 12 . Jiri: RE: 


LXXIIE. «As the Subtenſe of 2 Quadrant , to the Subtenſe of a Trient wanting 


the Radius ; ſo is the Radius , to the Subtcnſe of the Semi-ſextant ; or, of 30 
degrees: Or, 


LXXIV. e's the ſide of the (inſcribed Equilater ) Tetragone , to the Difference 
of the ſides of the Trigone and Hexagone ; ſo is the Radius , to that of the Dodc- 


cagone. (Underſtand it of the inſcribed Equilater Figures ; and ſo afterward 
in like cacs.) 


LXXV. And becauſe (as before) E rr "_ R: Therefore, Eq=*—2 
Rq=2Rq—Rqy 3, or, 2—y3intoRq. Andſo, 1. 2—y3 :: Rq 
Eq. That is, 


LXXVI. es 
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LEXVI. es the Radius, to the Exceſs of the Diamerer above the Subtenſe of 


220 degrees, (or fide of the inſcribed Trigone:) ſo us the Square of the Radins , 


to-that of the Subtenſe of 30 degrees; or of the ſide of the Dodecagone. And 
therefore, (that of Rq to Eq, being Duplicate to that of R to E.) 


LXXVII. The Proportion of the Radius, to the Difference of the Diameter and the 
ſide of the inſcribed Trigone; is Duplicate to that of the Radius, to the ſide of the 
inſcribed Dodecagone. And therefore , 


LXXVIII. The (Radins or ) ſide of the Hexagone , and of the Dodecagone , and 
the Difference of the Diameter from that of the Trigone , are in continual Pro- 
portion. | 


LXXIX. And (becauſe 2—43 intoRq, =2R—Ry3 into R,) The 
Exceſs of the Diameter above the Subtenſe of the Trient , Multiplicd into the Radius 
i equal to the Square of the Subtenſe of 30 degrees, or the Semiſexrant. 


LXXX. The ſame are found by biſeCting the Sextant ; (for a quarter of the 
Trient , or half the Sextant, is the ſame ; ) in this manner, 


LXXXI. If E be put for the Subtenſe of 30 degrees, and A for that of the 
Reſidue to a Semicircumference, or of 150 degrees ; then becauſe the -Subtenſe 
of a Sextant , or the double Arch of E, o R; therefore (by F 14, Chap. preced.) 

RqAq—_A Eq— 
Bo=Rqa=1 & q49__4Rq 2 =327. And Rqaq=4Rqaq—Aqg= 
4RqEq—Eqq: And (by reſolving that Equation) 2Rq®y/3Rqq=2Rq 
tRqyz3=2zZy/3inoRq=2 RIRY3 into R, =Aq, and Eq. Thatis, 


'LXXXII. The Squares of the Subtenſes of 150, and of 30 degrees; are equal, that 
to the Sum, this to the Difference, ( of the Diameter and ſide of the inſcribed Tri- 
gone ) Aultiplied by the Radius, | 


LXXXIII. Again, for as much as C=A ſubtends as well the Triple of the 
Arch A of go degrees, as the Triple of _ Arch E of 30 degrees; therefore 
Z(=A+SE=Ry/ 2+ Vi = _— R) 1s the Subtenſe of a Trient 
increaſed by the Arch A or E; that is, as well of degr. 210 = 120 + go, 
as of 150 = 120+ 39. Which was before concluded at $ 81. (for Z here, 


is the ſame with A there) and Zq (as there Aq,) =2+4y 3 intoRq. 


LXXXIV. And the ſame is yet again found by ſubdufting (2—4/ 3 into Rq) 
the Square of the Subtenſe 3o degrees, out of (4Rq) the Square the Di- 
ameter : ( becauſe 150+ 30= 180 degrees, complete the Semicircumference: ) 
For if from 4R q we ſubduft 2Rq—Rqy3, thereremains 2Rq+-Rqy 3 
or, 2+ 3 into Rq, the Subtenſe of 150 degrees; and therefore alſo of 
210 degrees. 
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CHAP. HEL 
Of the Quadruplation and Quadriſetion of an ARCH 


: of! ANGLE. 


I. W F in a Circle be inſcribed a Quadrilater, whoſe oppoſite ſides are A, A » 
(the ſubtenſes of a ſingle Arch) and B, D, (the ſubtenſes of the Double 
and Quadruple) the Diagonals will be C, C, (the ſubtenſes of the Triple) 
as Is evident. ( But it is evident alſo, that, in this Caſe, the Arch A; 
is leſs than a Quadrant of the whole Circumference.) 


Il. And therefore (the Reft-angle of the Diagonals being equal to the two 
Rect-angles of the oppoſite ſides) Cq—Aq=z=BD. And therefore <I—23 


B 
Cq—A h . 
I - 1 =B. That 1s, 


III. The Square of the Subtenſe of the Triple Arch , wanting the Square of the 
Subtenſe of the ſingle Arch (leſs than a Quadrant ) 1s equal to the Reft-angle of the 
ſubrenſes of the Double and Quadruple. And, divided by either of theſe, it gives 
the other of them. 


IV. But C- A into C—A is equal to Cq—Aqg. And therefore, 
B. CHA:: C—A. D. Thatis, 


V. eAs the Subtenſe of the double Arch, us to the ſum of the Subtenſes of the 


Triple, and of the ſingle (this being leſs than a Quadrant ;) ſo #s the exceſs of the 
Subtenſe of the Triple above that of the ſingle, to that of the Quadruple. 


VI. And becauſe (by FS 8, Chap. preced.) C=3A x and therefore Cq 


6Aqq, Acc. 6AqJ Acc 
=gAq— ys —+ Rag Therefore Cq=Aq=8Aq— "I Ti => 
$RqqAq—6RqaAqqrtAcc —=BD 

Rqq OE 


A 
VII. But (by S 7 and 9, Chap. 29.) B= Fvy:4Rq—Aq. And therefore 


Cq=Aq 2RqaA—A ; RagAg—6Rqaqa-iA 
ITY SIRE 4Rq—Aq: =D. (Forif Cq—Aqg===29) 6. EniBgnn 


B Rc Rqq 

be divided by 7, it is —LLS SELL . Ang this again divided by 
—A . XY : 

4Rq—Aq, 1s 2532 <, But this laſt Diviſion being by 4Rq—A q, 


Rc 
whereas (according to the value of B) it ſhould be divided only by the Square 


Root hereof, therefore we are to reſtore a Multiplication by that Root ; which 


2RqA— Ac 
———V:4Rq—Aq:=D,) 


makes it 


VIII. And then, turning the Equation into an Analogy, Re . 2Rqa—Ac 
:: /:4Rq—Aq. D. That is, 


Fig. XV. 
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Fig. XV. 


Fig.XVI. 


Fig. XV. 


IX. eAs the Cube of the Radius, to the Subtenſe of the ſingle Arch ( leſs than a 
Ouadrant ) Multiplied into the double Square of the Radins wanting the Square of the | 
Subtenſe, ſo is the Subtenſe of what this Arch wants of a Semicircumference, to the? 
Subtenſe of the Quadruple' Arch. ws. 


+ Or thus; (dividing the two firſt terms by Rq,) R. 2A— BE os 


Rq 
4Rq—Aq. D. Thatis, 
XI. As the Radius, to the double of the Subtenſe of the ſingle Arch (leſs than a Qua- 
drant ) wanting the Cube of that Subtenſe divided by the Square of the Radius: $0 js 


the Subtenſe of what that ſingle Arch wants of the Semcircumference , to the Subtenſe 
of the Quadruple Arch, 


XII. But (by $ 8, Chap. preced.) 2 A — 5 =C—A. And therefore, 


XII. As the Radius to the exceſs of the Triple Arch above that of the ſingle (leſs 
than a Quadrant - ) ſo 1s the Subtenſe of what that ſingle Arch wants of a Semcircum- 


ference , to the Subtenſe of the Quadruple Arch. 


* V: 4Rq—Ag:= ag: e8q—Aq : =B, is the Subtenſe of the double Arch 


of A: Therefore ( by the ſame reaſon ) - /:4Rq—Bq: =D, the Subtenſe 
of the double Arch of B; that is, of the Quadruple Arch of A. 


XV. And, becauſe Bq =4 Aq— _ : Therefore, for 4R q—Bq, we may 


Aqq 4Rqq—4Rqaq+Aqq 


put 4 Rq—4Ay+ Re 2 Ra : And the QuadratickRoot 
2Rq—Aq,__ , wo FY PR ou Rq—Aqg Es. 
hereof : - (=y: 4Rq—Bq:) Multiplied into Ts r= (= J 


RqA—ACc B 
makes ——— —y:4Rq—Aq:= FRE 4Rq—Bq:=)D: As before, 


XVI. We may alſo, tothe ſame purpoſe, (and with the ſame event,) inſcribe 
a Quadrilater 1 {o as that A, D, and A, B, may be oppoſite ſides, and B, C, 


Diagonals. - For then BE—-BA=DA. And therefore 2 A — wi C—A) 


L A . . t— 
into (B=) + :4Rq—Aq: willequal DA. That is, —L ... FW 
Rqa—A | 
—Aq:=DA. And ————v/:4Rq—Aq: —D; as before. But of 


this we ſhall ſay more at F 86. &c. 


XVII. But, for as much as the ſame D, Subtends not only the Quadruple of 
the Arch A, but alſo the Quadruple of the Arch E, (which therefore, together 
withthe Arch A, will complete a Quadrant of the whole Circumference:) it may 
| 2RQqE—Ec 2RqA—AC 

—_ v/i4Rq-Etq: =D=—— 


in like manner be fhewed, that 
/:4Rq—Aq: And therefore, 


XVIII. Arn Arch leſs than a Quadrant, and the Arch which this wants of a Qua- 
drant , bave both the ſame Subtenſe of the Quadruple Arch, D. And, accordingly, 
AE, are two Affirmative Roots of that Equation. 


X IX. But 


n——_— by ng =” 
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. XIX. But there are yet two other Roots ( but both Negative, as will after 


Fig: 


appear) of the ſame Equation; ( which we will call P, S$;) whereof one ſub- XVII; 


tends a Quadrant increaſed by the Arch A; the other, a Quadrant increaſed by 


the Arch E. For it is manifgſt (by what is ſaid at $ 23, Chap. preced.) that 
theſe alſo muſt have the ſameWhkſgenſe of the Quadruple Arch, with A and E. 
For Four times 4A, is 14-4M, and will therefore have the ſame Subtenſe 


with 4A. And the like of Four times 4-E, which is 1--4E, whoſe Sub- 
tenſe 1s the ſame with that of 4 E. ( And the like will follow, in caſe two, three, 
or more Quadrants be thus increaſed.) And conſequently , 


XX. An Arch greater than a Quadrant, (or thantwo, three, ot niore Quadrants) 
will require the ſame Subtenſe of its Quadruple Arch , with its exceſs above a Quadrant, 
(or above thele two, three, or more Quadrants.) 


' XXI. But the ſame P, ſubtends as well to a Quadrant increaſed by the Arch 
of A, as to three Quadrants wanting the ſaid Arch; as alſo to a Semicircumference 


' (or two Quadrants ) increaſed by the Arch of E, or wanting that Arch. (As 


is manifeſt to view by the Scheme.) And, in like manner, S ſubtends as well to 
a Quadrant increaſed by the Archof E, as to three Quadrants wanting that Arch; 


as alſo to a Semicircumference (or two Quadrants ) increaſed by the Arch of A, 
or wanting that Arch. 


XXII. Now, that P, S, are Negative Roots , will thus appear. For, ſup- 
|  2RqP— 

poling (for inſtance) —_ = /:4Rq—Pq:=D; andP, aſubtendent of 
an Arch greater than a Quadrant : (But, leſs than three Quadrants; otherwiſe 
it is the {ame as if it were leſs than one Quadrant : For the {ame Chord which 
ſubrends an Arch greater than three Quadrants , ſubtends alſo to leſs than one:) 
P will in this caſe be greater than 4/2Rq the Subtenſe of a Quadrant, and 
therefore 2 Rq—Pq a Negative quantity (becauſe of greater quantity ſubtracted 
from a leſler; ) and therefore alſo Þ muſt be Negative, that ſo 2RqQP<-Pc 


(compounded by the Multiplication of two Negatives) may be a Politive quantity, 
2RqP— Pc | 


and therefore the whole ns, /:4Rq—Pq: =D Affirmative alſo. (Wd 


what is ſaid of P,, holds in like manner of S.) 


LS RqPp— 
XXII. But if we chuſe to make P Affirmative, then muſt — a : _ /:4Rq 


—Aq:=—D, be Negative: And therefore (changing the ſigns) : 


c—2R4P, 
C 


/:4Rq—Aq: =D, Affirmative. (And the like of S.) But, of this, more 


afterwards. 


| ; RqA—Ac 
XXIV. But for what reaſon, the Equation — /:4Rq—Aq:=D, 
2RqE— Ec 


or _ /:4Rq—Eq: =D, hath two Affirmative Roots A, E; and 


: _. Pc RF 
two Negatives P,S; for the ſame reaſon will the Equation - — 3 /:4R q 


SC—2RqS 
me 
and P, S, Affirmatives. 


—Pq:=D, or /:4Rq—Sq:=D, have two Negatives A, Ez 


XXVY. If now. we conſider the Quadrilater, whoſe ſaid oppoſite ſides are A, A, 
and E, P; then (becaule the Arches A, E, do together make up a Quadrant) the 
Diagonals Q, Q, are ſubtenſes of a Quadrant, (or ſides of an inſcribed Square) 
and theretore (by $ 68, Chap. preced.) Qq=2Rq, andQ=y/:2Rq=Ry2. 


C 2 XXVI. And 
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XKXVI. And therefore Qq—Aq=2Rq—Aq=zEP; and conſequently 
2Rq—Aq 2Rq—Aq 


f = F. aud 5 =P. 
XXVII. But the ſame P doth alſo ſubtend a Semicircumference wanting the 
R 9q-—A 
Arch of E: And therefore /: 4Rq=—Eq:= = A, And y/: 4Rq 
wePg = E=2T209 


= 


XXV1IL. And {by the ſame reaſon) taking a Quadrilater whoſe oppoſite ſides 
are E, E, and A, Sz we have the Diagonals Q=4/ 2Rq: And Qq—Eq= 
2Rq—Eq=AS. And conſequently (becauſe IJ Arches A and S do complete 

2Rq—Eq 


the Semicircumference) 4/: 4Rq—Agq: =S= rnd” an: and y/: 4Rq—Sq: 
== KEE 
S 
Rq_A 
XXIX. Now becauſe (asat $ 27.) /: 4Rq—Eq:=P= =); there- 


—Acraqhu 
fore 4R q—Eq=Pq=— 3 
Eqq=PqtEq=4Rqq—-4Rqaqt+Agqgq; an Agg+Eqq=44gqhg 
--4EqRq—4Rqgq. (And, in like manner, becauſe /: 4Rq—Aq: =S= 


Rq— Rqaq—4RqrEqtE 
- _ £3, therefore 4Rq—Aq=Sq== _ : =_ _ and 4Rq 


Aq—A4qq=Sqaq=Rqq =4Rqq—4RqEg+Eqq; and 4 AqRq 
+4EqRq—-4Rqq=aqg+eEqq) 
XXX. Now the Legs A, E, contain a Seſquiquadrantal Angle, or of 135 


Degrees: ( As being an Angle in the Peripherie , ſtanding on an Arch of three 
Quadrants:) And therefore, 


And therefore 4RqEq— 


XXXNI. Ina Right-lined Triangle , whoſe Angle at the Top is 135 Degrees, if the 
double of the Aggregate of the Squares of the Legs contarming it, (2 Aq-þ2Egq,) 
wanting the Square of the Baſe (Qq=2Rq,) be Adulriplied into the Square of the 
Bafe (2Rq;) the Produtt (4AqRq+4EqQRq—4Rqq=2Aqbþ2Eq— 
2Rqinto 2Rq,) #5 cqual tothe Biquadrates of the Legs (AqqFEqq.) So that, 


XXX11. From hence appears , A convenient Method for Adding of Biqua- 
arates. 


XXXIII. The Subdntton of Biquadrates, may (with a little alteration) be 
performed almoſt in the ſame manner. But it is more conveniently done by 
Multiplying the Sum of the Squares , by the Difference of them. (For Aq-+ Eq into 
rags? is equal to Aqq—Eqq.) But that is a ſpeculation not of this 
place. 


XXXIV. Again, In ſuch Triangle ( whoſe Angle at the Top is of 135 Degrees ) 
If the double of the Aggregate of vhe Squares of the Legs , be Muitiphed into the | os 
of the Baſe; the Produtt is equal to the Aggregate of the Biquadrates of all the ſides. 


For, fince 4 AqRq+ 4EqRq— (Qqq=) 4Rqq=AqqtEqq; there- 
= AqqgtEqat24q4=-4AqRq+eEqRq=2Agqr2 Eq into (2Rq=) 
Y- 
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XXXV. Again, becauſe (as at $ 275 28.) "== =D = vi 4Rq—Pq: 


Rqq—4RqAq--A | | 
and therefore = RS 5 1 Eqz=z4Rq—Pq, and 4R qq— 


4Rqaq+Aqq=PqEq=4PqRq—Pqq Therefore PqqbAqq= 
4PqRq+-4AqRq—4Rqq. (Andin like manger, beciſe 2 = 
4Rqq —4EqRqtEqq 


=y: 4Rq—Sq; and therefore =Aq=4Rq=-5q:; 


Sq | 
aud 4 Rqq—4EqRq-Eqq=Sqaq=45qRq—5qq: Thirefore, 8qq 
+Eqq=+4SqRq-þ-4EqRq—4Rqq:) | 


XXXVI. But both A, P, ard alſo E,S, contain a Semiquadrantal Angle, or 
of 45 Degrees: (As being an Angle in the Periphery funding on a Quadrantal 
Arch;) And one of the Angles ar the Baſe, Obtuſe. And therefore , | 


XXAVII. In 7 Right-lined Trizngle,, whoſe Angie at the Top is of 45 Degrees or 
half a Right-argle ( one of the other being Obtuſe ) ? the double of the Apprepate of the 
Squares of the Legs (as 2Pq-|-2Aq) wanting the Square of the Bafe OO =2Rq) 
be Multiphied into the Square of the Baſe (2R q) the Produtt (4PqRq+4AagqRq 
—4Rqq=—2Pq-þ2 Y —2Rq intozRq,) #. equal to the Biquadrates pf the 
Legs, (Pqq--Aqq,) In lke manner, 25q4-2Kq—2Rq into 2Rq, 
=4SqRq-+4EqRq—4Rqq=SqqEqg. So thar 


XXXVIII. Here is another Method of Adding Biquadrates. 
XXXIX. And likewiſe ; 12 ſuch Triangle, whoſe Angle at the Top is of 45 De- 


grees, (and one of the other Obtuſe, ) if the double of the Aggregate of the Squares of 


the Legs , be Aulriplied into the Square of the Baſe; the Produtt is equal to the Biqua- 
drates of all the ſides, For, becauſe 4PqRq-þ4AqRq—4Rqq=Pqgqy+ 
Aqqz therefore Pqq+-A4qq-/- > rs Qqq=4PqRq-4AqRq 
= 2Pq--2Aqinto (2Rq=) Qq. And, becauſe 4SqQRq+4EqRq— 
4Rqq=$Sqq+Eqq, therefore $qq+Eqq-+ (4Rqq=z) Qqq=>4Sq 
heteEo Rq=2Sq-+2Eq into (2Rq=) Qq. 


XL. Furthermore; If in a Circle be inſcribed a Quadrilater, whoſe oppoſite 
ſides are S, A, and Q, Q, and the Diagonals P, P, (as in the Scheme;) Then 


| Pp—2R | 
Pq—(Qq=) 2Rq=SA. Andtherefore, ———=S =: 4Rq—dq: And 


IS : Pqq—aPqRqF4R 
SI =A=v/:4Rq—Sq: And therefore , —— Att, Sq 


Aq 
Pqq—4PqR 4R 


quently Pqq— 4PqRq+4Rqq=AgSq=e4Rqaq—Aqq=aRysaq 
—54qq 

XLI. And, by the ſame reaſon, If a Quadrilater be inſcribed whoſe oppoſite 
ſides are E, P, and Q, Q; and the Diagonas $, S: Then $q— (Qq=) 


Sq Sq—2R 
2Rq=EP: And therefore, ——=Þ=/:4Rq-Eq: And ——_— Tho 


bs Rq-MPaR 
=E=y:4Rq—Pq: And therefore, LESLEY =Eqz4Rgq 


Sqq—4SqRq+4R 
—Pq: And — _ IELY =pq=4Rq—Eq And conſequently , 


q 
$qq—4SqRq--4Rqq=Pqtq=4PqRq—Pqq=etgRq—Eqgqy 


XLII. And either way , we may conclude, $qq-+Pqq=45SqRq+4z4Pq 
R q—4R qe 


&L111. But 


——_—. 


vt: 


Fig. 
XVIII; 
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XLII. But P, S, contain half a Right-angle, or Angle of 45 Degrees; (as 


XVIII. being an Angle 1n the Periphery ſtanding on a Quadrantal Arch; ) and both the 


other Angles Acute. And therefore , 


- XLIV. Ina Right-lined Triangle, whoſe Angle at the Top us 4.5 Degrees , or half a 
Right Angle : (and both at the Baſe, acute: ) If the double of the Aggregate of the 


' Squares of the Legs (as 25q--2 Pq) wanting the Square of the Baſe (Qq== 2Rq) 


be Multiplied into the Square of the Baſe (2Rq) the Produtt (45qRqþ 4PgRq 
—49qq=25 WF 2Pq—2Rq into 2Rq) 7s equal ro the Biquadrates of the Legs, 
(54q4+?Pqq: 


XLV. And this is 4 third Method of Adding Biquadrates. 


XEVI. end likewiſe, in ſuch Triangles, (whoſe Angle at the Top us of 45 De- 
grees , and both the others acute, ) if the double of the Aggregate of the Squares of the 
Legs, be Multiplied into the Square of the Baſe; the Produtt us equal to the Biqua- 
arates of all the ſides. For, ſince Sqq+Pqq=4SqRq-+aPqRq—a4Raq, 


therefore $qq-+Pqq+(4Rqq=) Qqq=z45S5qRq+aPqRqezsSq 
+2Pq into 2Rq. 


XLVII. Theſe Theorems thus demonſtrated ſeverally ; whether the Angle at 
the Top be of 135 Degrees, or of 45 Degrees; and this whether the Triangle 
be Acute-angled, or Obtuſe-angled, (to either of which we may refer the ReCt- 
angled;) may be thus reduced to theie Generals. 


XLVIII. 1s a Right-lined Triangle, whoſe Angle at the Vertex « either of I35 
Degrees , or of 4, Degrees; the double Aggregate of the on of the Legs contain- 
ing it , wanting the Square of the Baſe, /1ultiplied into the Square of the Baſe , is 
equal to the Biquadrates of the rwo Legs. (Which is the Addition of Biquadrates,) 
By S 31, 37, 44- 

7 


XLIX. eAnd that double\ Aggregate of the Squares of the Legs, Mulriplied into 
the Square of the Baſe, us equal to the Biquadrates of all tht three ſides. B;, 8 34,39.,46. 


L. Now, the Equation, (at $ 29.) 4AqRq-+4EqRq—4R84qq=Aqggq 
+ Eqq (and the other like to it at $ 35, 42.) is a Quadratick Equation of a 
Plain Root : Whereof the Root is 2Rq;. the Co-efficient of the middle Term, 
2 Aq+2Eq; which is therefore equal to the ſum of two Quantities, whoſe 
Rett-angle is equal to the Abſolute Quantity A qq+Eqq. 


LI. If we-therefore order this according to the Rule of other Equations of the 
ſame form; and, accordingly, from Aqq-+ 2 AqEq+Eqq (the Square of 
half the Co-efficient Aq-o+E q) we ſubtradt (the Abſolute Quantity) Aqq--Eaq gz 
the Remainder is 2 AqEq: Andthe Square Root of this (/2 AqEq=AEy2) 
Added to, or SubduCted from, half the Co-efficient Aq--E q, gives the Root of 
that Equation Aq+HEqZAEy/2=2Rq=@Qq. 


LIF. But , of this Ambiguous Equation, 'tis evident that we are to make choiſe 
of the greater Root, in the caſe of $ 2g: Becauſe the Angle at the Vertex 
(135 Degrees) is greater than a Right-angle; and therefore the Square of the 
Baſe (Qq) is to be greater than (Aq+E q) the Squares of the two ſides con- 
taining it. And therefore Aq +Eq-AE\y/2=2Rq=Qq. That is, 


LI. 1f to the Squares of the Legs containing an Angle of 135 Degrees, ( or three 


halfs of a Right-angle,) we add the Rett-angle of thoſe Legs Multiplied by y/ 2 the 
Aggregate is equal to the Square of the Baſe. 


LIY. In 
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LIV. in the ſame manner may be ſhewed, that the Equations of $ 35. P qq 
+4A4qq=4PqRq+44qRq—4Rqq, (orSqq+-Eqq=45qRq-+ 
4EqRq—4Rqqz,) aud of $42. SqqÞFPqq=4SqRq--4PqRq— 
4Rqq ; are Quadratic Equations of a Plain Root 2 R.q. Bur, in all theſe (tis 
mantelt ) the leſſer Root is to be choſen, becauſe the Angle at the Vertex ( be- 
ing of 45 Degrees) is leſs than a Right Angle; and therefore the Square of the 
Baſe leſs than the two Squares of the Legs. And therefore, the Root, Pq-[- 
Aq—PAy2=2Rq; and Sq-þEq—SEy/2=2Rq; and Sq-þPq— 
SP/ 2 =2RqzUe That is, 


LV. If from the Squares of the Legs containing an Angle of 45 Degrees (or halt 
a Right-angle,) we ſubrratt the Rett-angle of theſe Legs Multiplied by 2: the Re- 
mainder 1 equal to the Square of the Baſe. | 


LVI. Or we may put both together, thus: 1f ro the Squares of the Legs , be 
Added, if they contain an Angle of 135 Degrees; or ſubtratted thence, if they contain 
an Angle of 4.5 Degrees; a Kett-angle of thoſe Legs Multiplied into yy 2 : The Reſult 
75 equal to the Squars, of the Baſe. By Y 53) 55- 


LVII. We are next to Note, That. the ſubtenſes E and P. as alſo A and S, 
( whoſe two Arches do together make up a Semicircumference,) do(by$Ssg9, 
Chap. 29.) require the ſame Subtenle of the double Arch: And therefore much 


more , the ſame Subtenſe of the Quadruple. That is, _ is the Subtenſe of 


the double Arch both of E, and of P: And = , of the double Arch of A, 
and of S. 
LVII. The Subtenſe therefore of the Triple Arch of EF, (lefs than a Quadrant, 


PqE—RqE 
TT Sy (by S 2,5,Chap. 


and therefore, much more, leſs than a Trient,) is 


preced. ) as being the Square of the Subtenſe of the donble Arch I wanting 


the Square of the Subtenſe of the ſingle Arch Eq, divided by the Subtenſe of the 
fingle Arch E. 


LIX. But the fame Subtenſe of that Triple Arch, (by $ 8, 9, Chap. preted.) is 


3RqE—EC 
Rq : 
PqE—RqE PqE 3RqE—Ec Ec 
: I _ = 3} Bo == 
LX. Therefore Re ( Rq ) Ka (==13 Ra 


And a = 4E— = the Aggregate of the ſubtenſes of the Triple and ſingle. 
q 


LXI. Which may alſo be thus proved: Becauſe PqjEq=4Rq (as being 
in a Semicircle,) and therefore Pq =4Rq—Eq, and PqE =4RqrtE—Ec, 
. PqE—RgE 3RqE-—Ec 
orPqE—RqtE=3RqE—Ec. Therefore is = =" the 
D 4RqE—Ec 


PqE 
Subtenſe of the Trible; and * 5 the Aggregate of the ſubtenſes of 


the Triple and ſingle. 


SqA—RqA,_SqaA 

LXII. And, by juſt the ſame reaſon, A =p A (= B _—_ 
= 3A— ; S 

(=3A 7 ©\ js the Subtenſe of the Triple Arch of A: And = = 4 A — oy 


q | Rq 
the Aggregate of the ſubtenſes of the Triple and ſingle. 


EXII. Now 


Fig. 
XV1IIL- 


Fig. XIX 
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LXIII. Now the Arch of P, (a Quadrant increaſed by A, its greater Segment) 
being greater than'a Trient, but leſs than two Trients; the Subtenſe of its 


Rs P Pc—2RaP 
Triple Arch is . —_— (by F 32. Chap. preced.) And - _ «4 (By $ 37. 
Chap. preced.) 


RqP—EqP 
Kq 


EqP\ _ Pc-—zHgF. Þe 

pe = Rn Mm» 
c P : 

the Subtenſe of the Triple Arch; and 4P — K- «- , the Difference of the 


Subtenſes of the ſingle and Triple ; that is, the Exceſs of the Subtenſe of the 
ſingle above that of the Triple. 


LXIV. And therefore, (= P— 


LXV. But the Arch S (a Quadrant increaſed by its leſſer Segment E) becauſe 
it may be either leſler or greater than a Trient, according as the Arch E is leſs or 


greater than 30 Degrees; the Subtenſe of the Triple Arch will be either = 
AS=g3S— , if the Arch S be leſs than a Trient ; or, if greater, S— RE 


; S -—S : : 
= Sh S. And, accordingly, _ = 4 S— Ke? w1ll be either the Sum or 


Difference of the ſubtenſes of the ſingle and Triple Arch, according as S is 
leſs or greater than a Trient. 

LXVI. Moreover; having ſhewed (at $ 2.) that in a Quadruplication of an 
Arch leſs than a Quadrant, Cq—Aq=BD, (as wherein the Subtenſe of the 
Triple is greater than that of the ſingle; and therefore C, C, Diagonals, and 
A,A, oppolite ſides :) Now, if the Arch to be Quadrupled be greater than a Qua- 
drant, (but leſs than three Quadrants) as that of P or S; the Subtenſe of the 
ſingle will be greater than that of the Triple. For, ſuppoſing the ſingle Arch 
tobeiFAC(and A leſs than 3) the Triple will be 4 3A; the Subtenſe of 
which will be the ſame with that of 57 3 A (for one whole revolution is, in 
this caſe, Equivalent to nothing ;) and this (ſo long as A remains leſs than 2 ) 
will be farther (either in exceſs or defeft) from a Semicircumference (and there- 
fore require a leſs Chord,) than 3 F A. -, 


LXVII. And therefore, in this caſe, P,P, (or $, S,) become Diagonals, and 
C, C, oppoſite ſides. And, conſequently, Pq—Cq=BD (and Sq—Cq 


Pq _ : 
—bD;) And 2 —I=D=-* 5 ay That 1s, 


LXVIII. The Square of the Subtenſe of an Arch greater than a Quadrant (but leſs 
than three Quadrants ) wanting the Square of the Subtenſe of the Triple Arch ; 1s equal 
ro the Reft-angle of the ſubrenſes of the Double and Quadruple, And therefore, 
divided by one of theſe, it gives the other. | 


LXIX. But P+C into P —C, 1s equal to Pq —Cq. And therefore , 
B . P--C :: P—-C. D. (And, in like manner, þ . Sc :: S—c . D.) 
That 1s, 


LXX. es the Subtenſe of the double Arch, to the Aggregate of the ſubtenſes of 
the Triple, and of the ſingle (greater than a Quadrant, but leſs than three Quadrants ;) 
So ws the exceſs of the Subrenſe of the ſingle Arch above that of the Triple, to the 
Subtenſe of the Quadruple. 


LXXI. Since 
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LXXI. Since therefore the Subtenſe of the Triple Arch P = 5 + A (being Fig. XIX 


eater than a Trient) is C = — — 3P; whoſe Square is — ——— 
ger ) a ares 2 5 Pq: 


If this be taken from Pq, and the Remainder (Pq—Cq=— 


| ———_—_— 


Raq 
5 P a 
— 8Pq,) divided by B = = \/:4Rq—Pq: (asat$7;) theReſult js 240 


== y:4Rq—Pq: =D. That is, dividing it firſt by 5, and the 


Reſult by 4Rq—Pq, orby — Pq+4Rq, and then reſtoring a Multiplica- 
tion by /: 4Rq—Pq.) 


EXXII: And therefore (changing the equality in an Anology) Rc. Pc— 
2RqP:: /: 4Rq—Pq. D. | 


LXXIII: The ſame will happen if we take the Arch S—=4- E. For though 
this may be either greater or leſs than a Trient, according as E is greater or leſs 


than 30 Degrees; and (accordingly) the Triple thereof, either _ or 3S— 


: n 1 pe . . 
a Yet this doth not alter the caſe at all; for, either way, the Square of it is 


the ſame. And therefore (making the SubduCtion and Diviſion, as $ 71.) = —— 2 


/: 4Rq—Sq:=D. And Rc. Sc—2RqS::4/:4Rq—Sq.D. Thatis, 


LXXIV. es the Cube of the Radius, to the Subtenſe of an Arch greater than 
4 Quadrant ( but leſs than three Quadrants, ) Multiplied into the Square of the 


Subtenſe , wanting two Squares of the Kadims; ſo us the Subrenſe of its Difference from - 


a Semicircumference , to the Subtenſe of the Quadruple Arch, 


C 


P | S 
LXXV. Orthus; R . -—2P 3: E.D: Or, R.,-—2S :: A.D. 
That is, | 
LXXVI. e-Ls the Radius, to the Cube of the Subtenſe of an Arch ( greater than a 
Quadrant, but leſs than three Quadrants ) divided by the Square of the Radius, wanting 


the double of that Subrenſe ;, ſo is the Subtenſe of the Difference from a Semicircumference, 
tothe Subtenſe of the Quadruple Arch. 


LXXVII. Or thus, becauſe : —2P=C-þP; And alſo (in caſe the Arch 


S be alſo greater than a Trient) - —2$S5=£+S. Therefore, R . PC 
:: A. D. (AnaR 4P+-c:;: E . DJ) Thats, 


LXXVII. eAs the Radins, to the Aggregate of the Subtenſes of the Triple Arch 

| and of the ſingle ( this being greater than a Trient, but leſs than two Trients,) ſo ts the 

Subtenſe of its Difference from a Semicircumference, to the Subtenſe of the Quadruple 
Arch. | 


LXXIX. But if the Arch S (though greater than a Quadrant) be leſs than a 
Trient ; or greater than two Trients, but leſs than three Quadrants: That is, 


$ . 
$28 =S—E, And therefore, R . S—cC :: A. D. That is, 


LXXKX. eAs the Radius, to the Subtenſe of an Arch greater than a Quadrant , but 
leſs than a Trient (or greater than two T rients, but leſs than three Quadrants ) wanting 
the Subtenſe of the Triple Arch; ſo is the Subtenſe of its Difference from a Semicircum- 
ference , to the Subtenſe of the Quadruple Arch. 

D 


LXXXI. All 


_ cm ——__——— 
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Fig.XIX. 


Fig. ; + i 


Fig. XVI 


Fig. XX1 


LXXX1. All which are evident from the Scheme; where the Chord D ſub- 
tends the Quadruple of the Arches of A, E,P, and S: And B ſubtends the 
double of the Arches E and P, and b the double of the Arches of A and S. 


LXXXII. And, in the Quadrilater whoſe ſides B, D, be oppoſite and Parallel; 
and C, C, oppolite ſides; and P, P, Diagonalsz, Pq—Cq=BD, and 
Pq—Cq 


—D. And likewiſe, in the Quadrilater wherein b D are oppoſite 


and Parallel; c c oppoſite ſides; and S S Diagonals; Sq—ceq=bD, and 
59q-—Ccq 
+ —= D. 


LXXXIII. And, in the ſame Figure » where not only the Arch of P, but of 
S alſo, arc ſuppoied greater than a Trient ; two of the Chords S, S, ( as well 
as P, P.,) cut the Chord D. 


LXXXIV. But in the other Figure , where the Arch of S is ſuppoſed (greater 
than a Quadrant, but) leſs than a Trient; the caſe is ſomewhar different. For 
here b (the Subtenſe of the double Arch of S) falling on the other ſide of D (the 
Subtenlſe of the Quadruple,) the Chord D is not cut by any of the Chords S. 


LXXXV. But it comes to the ſame paſs, for theſe two Chords SS (whether 
they cut or not cut the Chord D,) being no ingredients of the inſcribed Qua- 
drilater , ( but ſerve only to ſhew that b 41s the Subtenſe of the double Arch; ) 
it is however, $q —£cq=bD. 


LXXXVI. The ſame things as before, may be yet otherwiſe demonſtrated 
(and more commodiouſly) in this manner ; Namely, if inſtead of the Quadri- 
later whoſe four ſides and two Diogonals are A, A, C,C, B, D; we take 
A, A, B, B, C, D; (taking the ſubtences of the ſingle and double, twice; 
but, of the Triple, and Quadruple, once: ) with almoſt the ſame variety of 
caſes, as before. For , 


LXXXVII. It the Subtenſe of the ſingle Arch 'be A (or E,) leſs than a Qua- 
drant 3 then A, B, and A, D, will be oppolite fides; and B, C, Diagonals. And 


A 
therefore, CB—AB=AD. And conſequently 2 A— wE (=C — A)into 


"x" 5 : . 2Rqaq—Aqq 
(B=) rs v:4Rq—Ag: equal to AD. Thatis, TR 
RqA—A 
—Aq:=AD. and — =: 4Rq—Aq:=D, as before. And for 


2RqEq—Eqq, 2RqE—Ec 
Rc v:4Rq—-Eq. And ”— 


the ſame reaſon, b—Eb=ED = 
vi4Rq—Eq:=D. 


LXXXVIII. If the Subtenſe of the ſingle Arch be P (ors) greater than a 
Quadrant, and even greater than a Trient : (but leſs than two Trients: ) 
Then B, C, and B, P, (or B, S,) will be oppoſite ſides; and D, P, (or D, S, ) 
Diagonals. And therefore BC-þ+BP = PD, (or BC+BS=SD.) And con- 

P ; P 
ſequently , I 2P(=C+A) into (B=) s :4Rq—Pq: equalto PD. 
; q9q — 2RqP Pc—2RqP | 
That is, 99 — 3'I /.4Rq=—Pq: =PD. And — 4 Rq— 
Pq:—=D: As before. And, by the ſame reaſon, BC+BS=SD (if S alſo 
2RqsS 


; SI C— 
be greater than a Trient) and - "- /:4Rq—Sq: =D. 


LXXXIX. But 
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LXXXIX. Bur. if the ſingle Arch be that of .S. (greater than a Quadraiit, but) 
leſs than a Trient; (or P greater than two 'Trients, but leſs. than three Qua- 
drants 3) then B, C, and D, S, are oppoſite ſides; amd B, S, Diagonals. | And 


therefore, BS—BC=DS. And conſequently, 255 (=$—©C) into 


S | | A RqSq—S _ 
(B=) 7 v: 4Rq-Sq: =SD .That 1s, Lam. A 21 /: 4Rq=$9:=SD; 
2RqsS — SC 


— /:4Rq—5Sq: =D: As before. And in like manner , BP— 

BC=PD (if the Arch of P be greater than two Trients; which is the Carne as 

2RqP-— Pc 
Rc 


if leſs than one) and /:4Rq—Pq:=D: 


XC. From all which ariſeth this General Theorem : The Rett-angle of the 
Subrenſes of the ſingle and of the Quadruple Arch, us equal to the Subtenſe of the 
double Mulriplied into the Exceſs of the Subtenſe of the Triple above that of the ſingle, in 
caſe this be leſs than a Quadrant (or more than three Quadrants; ) or, intothe Exceſs of the 
 Subtenſe of the ſingle above that of the Triple, in caſe the ſingle be more than a Quadrant but 
leſs than a Trient (or mote than two Trients, but leſs than three Quadrants; ) or; laſtly, 
into the Sum of the Subtenſes of the Triple and ſingle, in caſe this be more than a Tri- 
ent, but leſs than two Trients. .That is, AD:=B into 


..C—A; if the Arch of 
Quadrants. aft, 
A—C; iif.it'be greaterthan a Quadrant, but leſs than a Trient ; or greater ' 
_ than two. Trients, but leſs than three Quadrants.: 
A-- C; if it be greater than a Trient, but leſs than two Trients; 


A be leſs than a Quadrant, or greater than three 


NCI. And ,; tiniverſally ,, **V2* /: 4Rq—Aq:=D. That is, if che 
Difference of 2 Rq A and Ac (whereof that is the greater if the ſingle Arch be 
leſs than a Quadrant, or greater than three Quadrants; but this if contrary- 
wiſe;) divided by Kc , be Multiplied into 4/: 4 Rq— Aq: Produtt us equal to D, 


XClII. And therefore, Rc 


That 1s , 


:2RqaAumAc::y/: 4Rq—Aq. D: 


XCIII. eAs the Cube of the Radius , to the Solid of the Subtenſe of the ſingle 
Arch into the Difference of the Square of it ſelf, and of the double Square of the Radins : 
So is the Subtenſe of the Difference of that ſingle Arch from u Semicircumference, to 
the Subtenſe of the Quadruple Arch. 


- | | 
XCIV. Now what was before ſaid: (at $ 15, Chap. 29.) That the Sub- 
tenſe of an Arch, with that of its Remainder to a Semicircumference (or of its 
Exceſs above a Semicircumference ) will require the ſame Subtenſe of the double 
Arch; is the ſame as to ſay, that, From any Point of Circumference , two Subtenſes 
adragn to the two ends of any inſcribed Diameter , (as A, E,) will require the ſame 
Swubtenſe (B) of the double Arch. 


' *X©CV. And What is ſaid: (at $ 12, 26, Chap: preced.) That the Subtenſe 
of an Arch leſs thana Trient, and of its Reſidue to a Trient (as A, E,) and of 
a Trient increaſed by either of thoſe, (as Z,) will have the ſame Subtenſe. of 
the Triple Arch; is the fame in effect with this ,, that ; From any Point of the 
Circumference , three ſubtenſes drawn to the three Angles of any tnſcribed ( Regular ) 
Trigone (as A, E, Z,) will have the ſame Subtenſe (C) of the Triple Arch. 


XCVI. And 


D z 


Fig. x. 


Fig. XI. 
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tt. 
_—_— 


Fig. XCVI. And what is ſaid here: (at F 18, 20.) That the Subtenſe of an 
XX111. Arch leſs than a Quadrant, and of its Reſidue to a Quadrant, (as A, E,) 
and of 2 Quadrant increaſed by either of theſe, (as P, S,) will have the ſame 
Subtenſe of the Quadruple Arch: Is the ſame with this , that, From any Point of 
the Circumference, Four Subtenſes drawn to the four Angles of any inſcribed ( Regular ) 
T _ (as A, E, P, S,) will have the ſame Subtenſe (D) of the Quadruple 

Arch. | 
XKCVII. But the ſame holds, reſpeCtively, in other Multiplicatioons of 
Arches; as five Subtenſes from the ſame Point , to the five Angles of an inſcribed 
- (Regular) Pentagon; and fix, to the fix Angles of an Hexagon ; &c. Will 
have the ſame Subtenſe of the Arches Quintuple , Sextuple, &c. For they all 
depend on the ſame common Principle, That a Semicircumference Doubled, a 
Trient Tripled, a Quadrant Quadrupled, a Quintant Quintupled, a Sextant 
Sextupled, &c. Make one entire Revolution ; which as to this buſineſs, is the 

ſame as nothing. And therefore, univerſally , 


XCVIII. From any Point of the Circumference,, two, three, four , five, ſix, or 
more ſubsenſes , drawn to ſo many (ends of the Diameter, or) Angles of a ( Regular ) 
Polygone of ſo meny Angles , however inſcribed , will have the ſame Subtenſe of the 
Arch Multiplied by the number of ſuch ends or Angles. And therefore, 


CXIX. ef Equation belonging to ſuch ' Multiplication or Sefton of an Arch or 
Angle , muſt bave ſo many Roots ( Affirmative or Negative ) as « the Exponent 
of ſuch Alultiplication or Seftion. As two for the Biſeftion, three for the 
—_ four for the QuadriſeQtion , five for the Quinquiſeftion : And fo 
orth. | 


C. And conſequently, Such Equations may accordingly be reſolved, k ſuch Sefton 
of an Angle. AS was before noted (at 9 61, Chap. preced.) of the TriſcRion 


of an Angle. 
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CHAP 1V. 


Of the Quintuplation and QuinquiſeFion of att A c i 
of ANGLE. 


LW F in a Circle be infcribed a Quadrilater, whoſe ſides A,F, (the Subtenſes Fix. 
of the ſingle Arch and the Quintuple,) be Parallel ; B, B, (fubtenſes of XXIV. 


the double) oppoſite : The Diagonals will be C, C, (the ſubtenſes of the 

Triple, as is evident from the Figure. But it is evident alſo, that, in 
this caſe, the fingle Arch muſt be tefs than a Quintant ( or fifth part) of the 
whole Circumference. | | 


II. And therefore ( the ReCt-angle of the Diagonals hong equal to the two 
Rect-angles of the oppon ſides, }) CquBq=AF- (And by the ſame reaſons 


III. The Square of the Subtenſe of the Triple Arch, wanting the Square' of the 
Subtenſe of the double Arch, us equal ro the Reft-angle of the Subtenſes of the ſingle 
and of the Quintuple;, the ſingle Arch being leſs hs a fifth part of the whole Cir- 
canference. . * I 


Iw. And therefore, if it be divided by 6ne of them; it gives the other. 


Cal Cq—B SS. wg 
That 1s, - - 2 =By and — - Lt =A. (And, in like manner <2-—— 
q Pu 
=F; ad = =E. 


V. But CB into C—B is equal to Cq—Bq. And. therefore, A . G 
+B:: C—B.F. Thatis, 


VI. eA's the Subtenſe of the (ingle Arch (leſs than a fifth part of the whole Circum- 
ference ) to the Aggregate of the ſubtenſes of the Triple and double; ſo is the Exceſs 
of the Subtenſe of the Triple above that of the dowble,, to that of the Quintuple. 


VII. And becauſe (by $ 8. Chap. 30.) C= 3A— = and therefore Cq= 


R 
6A Acc : A 
oAg— i + x05 And(by's 7-Chap: 29.) Bq=4A 9q—P2: Therefore, 
oc SONS AC Lg: $46, age 
—_$Ec__Eqc That is 
Rq Rqq F 


VIIT. If, to the Quintuple of the Subteuſe of an Arch lefs than a QOuintant, muy 


the Quintuple of the Cube of the "rand dividetby the Square of the Radins , be 
added the Quadricube (or fifth Power) of the ſame Subtenſe vided the Biquadrate 


of the Radius ;, the Reſult i the Subtenſe of the Quintuple Arch. 


IX. The ſame may be otherwiſe thus evinced ;. taking a: Quadrilater whoſe 
oppolite ſides are A, A, and F,C; atid the Diagonals D, D. And therefore, 
Dq—A&4q=zCF. (And, in like manner , dq—Eq=cF.) That 1s, 


KF. The 
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Fig. 
XXV. 


Fig. 
xxv1, 


| R. The Square of the Subtenſe of the , ran Arch, —_— the Square of the 
Subtenſe of the ſingle Arch (leſs than a uintants,) 45 equal ro the Rett-angle of the 
ſubrenſes of the Triple and Quintuple. And being divided by either of theſe , it 
gives the other of them. 


XI. And (becauſe D-—+A into D-A is equal to Dg—Ag,) oo > = 
A:: D-A.F. (Andc. d+E:: d—E . F.) Thatis, 
XII. es the Swbtenſe of the Triple Arch, to the ſum of the ſubrenſes of the 


Quadruple and of the ſingle (ths being leſs than a Quintant, ) ſo u the Difference of 
theſe, to the Subrenſe of the Quintuple. 


RqA—A | Tg. 
XIII. But, (by & 7, Chap. preced. ) = == —=\/:4Rq—Aq: =D. And 


mono nnggAggtZaqacc—Accg =Dq: Which abated 


therefore , 


RCC 
| 20Aq 8Acc Accq _ : 
by Aq, leaves 15 Aq— ——" Re EDquAq=CE. And 
Ss RqA—AC 5RqqQA — 5RqActA 
this divided by C = 7 I —z gives - IS Mo 
$5 RqqE—+5RqrctEcq = '*) : 
= . As before, P 


XIV. The fame, is a third way, thus evinced; Inſcribing a Quadrilater 
whoſe oppoſite ſides are A, C, and A, F; and the Diagonals B, D. And there. 
fore A C+AF=BD; and BD—AC= AF. . (And in like manner 
bd —cE=EF.) Thatis, : 


I5- The Reft-angle of the ſubtenſes of the double and Quadruple Arch , wanting that 
of the ſubtenſes of the ſingle (being leſs than a Quintant ) and of the Triple; us equal 
co the Red-angle of the ſubtenſes of the ſingle and Quintuple. And, being divided 
by either of theſe , gives the other of them. 


XVI. And therefore, A.B::D.C+F. (AdE.b::d. e-+F. ) 
That 1s, 


XVII. es the Subtenſe of a ſingle Arch (leſs than a Quintant, ) to that of the 


double ;, ſo 1s that of the Quadruple, to the Aggregate of the ſubrenſes of the Triple 
and Quintnple. 


XVIIL But B—= R "T2 4Rq—Ag. And D= — /:4R q—A 9q: 
Therefore, BD = jen 3] ;oto 4Rq—Aq==22 ame bis men 
T7 

A _ 7 
Likewiſe, C=3 A and therefore, AC= _ JE Ro Ag 

qq 

' 5Rqqaq—+5RqA RagA— 

And therefore; BD—AC= Func tang A=5RActacg 


A Rqq Rqg 
LETS ZSET, As before, 


=F=—= 


AIR. Or, we may thus compute it : Becauſe A C + ASD = 
$ PRINTY A A 4 B ping 
1924 $5 19 — (as befote;) therefore > = 2  — 
< __ A 
= C—+F. And therefore, (ſubtrafting C — $A——R5 ES 
__5RqqQE—5;RqEc+acq 


=2 


As before, 


Rqq 
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Caae.lV. Of Angular Seftions. 29 


XX. The ſame way, a fourth way, be thus evinced ; Inſcribing a Quadri- Fig. 
later whoſe oppolite lides are B, F, and B, A; andthe Diagonals C, D. And XXVII. 
therefore BA+BF=CD, and CD—BA=BF. (And, in like manner , 


CD— BA , 
cd—bE=BF.) And ——=F. Thatis, 


XXI. The Reft-angle of the ſubtenſes of the Treble and Quadruple Arches , wanting 
rhat of the ſubtenſes of the double and ſingle (this being leſs than a Quintant, ) us equal 


ro that of the ſubrenſes of the double and Quintuple. And being divided by the one, 
it gives the other. 


XXII. And therefore, B.C::D. AF. (Andb.c::».E+F.,) 
That is, 


XXIII. es the ſubtenſe of the double Arch, to that of the Triple, ſo us that of 
the Quadruple, to the Aggregate of the ſubrenſes of the ſingle (being leſs than a Quin-' 
tant ) and of the Quintaple, 


| _ RqaA — | | 
XXIV. Bur C= i Ac. and D=? Ng =: hg #% 

| RqqaAq— A ; ; 
Therefore, CD=® Be ELL =: 4Rq—A9q. Likewiſe, 


A A ; 
B=T ov: 4Rq—Aq: And therefore, BA — Wy: 4Rq—Aq. And conſe- 
R Aq—5$5RqaA 
quently, CD—BA=BF =? LEELS i EA. new And 
5RqqA — 5RqaAc-F Acq 


Rqq 


(dividing by B = - /:4Rq—Aq:) = F 
«RqqE—<RqrctEcq 


Rqq 


As before , 


XXV. Or, we may thus compute it : Becauſe BA BF=CD = 
Aq—5RqaA SS 

£DITOmI _ CEE 4Rq—Aq: Therefore, (dividing by B = 

A \CD__ 6Rqqa—<«Rqacrtracg __ 5Rqqa—+5;RqacrFAcq 


=F. As before, 


XXVI. Or thus; becauſe BA +BF =CD; and therefore, =C= AS+F: #s. 


2RqA— AC | A XAXVIL 
And alſo, D= = v:4Rq—Aq: And B==v/:4Rq-Aq: There- 
D Rq—-A es 2 hon f D 

fore, === = Ze and this Multiplied by Ci = makes 2 = 
6Rqqa—5RqaA RqqQa—5;RqaA 

q9A—5Rq CO 44x: at RAcragq Loo 

Rqq Rqq 

before. 


XXVII. But if the Arch to be Quintupled be juſt the fifth part of the 
whole Circumference, (and conſequently the Quintuple Arch one intire Revo- 


lution ;) the Subtenſe of that Quintuple will vaniſh, or become equal to no- 
thing. 


XXVIII. And 


30 


| — 


F If. 


% XVII. 


Fip. 
X XVIII. 
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5Rqqa—5RqaAc-FAcq E 
27 0 ON — ©. 


XXVIII. And therefore, in this caſe, "po 


And ſo 5Rqqa—5Rqac-|Acq=0; and 5Rqq—5RqaAq|-Aqq=o; 

Rqq=5Rqaq—aA > Or, FRYg= CeAge— =) $3249 M49 
or, 5Rqq=—=55Aqaq qQq » Or, ; Rq Cone 
Which is a Quadratick Equation, whoſe Root 1s _ , and the Co-efficient of the 


middle Term 5 R, and the abſolute quantity 5Rq. 


XXIX. Therefore, (by reſolving the Equation) ;3R®y: *#Rq—5R q: 


: SES, Aq 
REY RgqgeEr  R= "Wy 


2 


XXX. Of which ambiguous Equation, the _ Root 1s to be choſen , That 
is, $5 Rq=Aq; and therefore , Ry L=23 (=RV/i*xy/5—1)= A, 
the Subtenſe of a Quintant. That 1s , 
LEI 


2 


XXXI. The Radins Multiplied into 


tant, or of 72 Degrees. 


» # equal to the Subtenſe of a Quin- 


XXXII. The ſame may be otherwiſe thus inferred: If, in a Circle, be in- 
ſcribed a Regular Pentagon; whoſe fide A ſhall be reputed as the Sabtenſe of 
a ſingle Arch: It's evident that the Subtenſe of the Duple , and of the Triple , 
will be the ſame. (For the ſame Chord which on the one fide, ſubtends the 


Duple, doth on the other ſide, ſubtend the Triple.) And therefore, - v:4Rq 


RqA—ACc 3Rq— A 
—AMq:=B=C=S—, And : 4Rq—Aq: = ==, And 

— 6RqaA A A 
4Rq—Aq= $R49 I | Mb =) 9Rq—6AqH+ x. And there- 


fore, Rq—$5Aqb 3 =0. And therefore, ( as before) 5R q= 5Aq— 


T” and fo onward as above. 


XX XIII. Now becauſe (as is already ſhew'd)y/: 4Rq—A4q: = FOaOTINY — Þ 


A : : Es : 
_— a. This therefore will be the Subtenſe of a Seſquiquintant (or one Quintant 


and an half, or three tenth parts,) that is, of 103 Degrees: As being that 
Arch which with the Quintant doth complete the Semicircumference. That is, 


XXXIV. The Difference of the Squares of the Subtenſes of the Trient , and of the 
Quintant , djvided by the Radius ;, 1s equal to the Subtenſe of the Seſquiquintant , or 
108 Degrees, (For 3Rq is the Square of the Subtenſe of the Trient; and Aq, 
of the Quintant ; and the Difference of theſe 3 Rq—Aq divided by the Radius, 
is the Subtenſe.) Or thus, 


XXXV. If from the Triple of the Radius 3R, be ſubdutted the Square of the 


Subrenſe of a Quintant divided by the Radius ; the Remainder is the Subrenſe of a 
EE Aq 
Seſquiquintant , or 108 Degrees, 3R — R 


XXXVI. But the Square of the Subtenſe of a Quintant ſo divided, is ( as 
A i | 
before ) of = 00 R; which thercfore ſubtraſted from 3 R , leaves 


OY 5 R the Subtenſe of 108 Degrees. XX XVIL Now. 


2 
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XXXVII. Now , if the Radius be cut 11 extream and mean proportion, the 
: g —1 CES 
grcater Segment thereof is 5! R ( by 11.E. 2.) to which if 1 R be added, 


we have LH R (the Subtenſe of 108 Degrees as before;) And therefore , 


XXXVIII. If rhe Radius being cut in extreme and meen proportion, the preater 
Segment thereof, be added 19 the whole Radius ; the ſum is equal to the Subtenſe of 108 
Degrees. 


XXXIX. Yet again ; If, of a Pentagone ſo inſcribed , the ſide A be conſidered 
as the Subtenſe of a ſingle Arch ; the ſame will alſo be the Subtenſe of the Qua- 
druple. (For. the fame Chord ſuvtends on the one fide to one Quintant, and 
on the other l1ide to four ſuch.) 


; ds - 2RqA-ZAc | 
XL. And therefore, in this caie, A =D= I —v/:4Rq—Agq 


AndReA=2RqA—Acmoy:4Rq—Agq. Thatis, Re=2Rq—Agq, 
into /: 4Rq—Aq. And ( the Square hereof) Rce=16Rcc—20Rqqaq 
--$8Rqaqq—Acc; or i5Rcc—20Rqqaq-8Rqaqu—Acc=zo. 


X11. Now this laſt Equation , if divided by 3 Rq—Aq=o0, will afford 
this Equation, 5Rqq—5RqaAqAqq=o. 


3Rq—Aq=o) 15Rcc—20Rqqaq-SRqaqq—Acc=o (5Rqq—5Rqaq|-Aqqzo 
15Rcc—5Rqqaq 


—15Rqqaq-|-8Rqaqq—Acc 

—15Rqqaq--5Rqaqq 
-|-3Rqaqq—Acc 
—-3RqAaqq—ACc 


OD OO 


XLII. And therefore 3 Rq=Aqz is one of the Plain Roots of that Equation. 
And therefore, Ry/3 = A, which 1s the Subtenſe of a Trient. ( Which is true, 
becauſe alſo the Quadruple of a Trient , hath the ſame -Subtenſe with the ſingle 
Trient. ) : 


XLI11II. But there are alſo two other Plain Roots included in the Reſulting 
Equation 5Rqq—5Rqaq-FAqq=0; or 5Rqq=5Rqaq—Aqdq. For, 


&LIV. The leſler of them is *Rq—=v/:*4Rqq=** Rqq:= ? _ 5 
Rq—Aqz the Square of the Subtenſe of a Quintant. As before , 


5-4 5 


XLV. The greater of them is :Rq-|-y: *#Rqq—**Zz2Rqq:= 


2 

Rq=Aqz the Square of the Subtenſe of a double Quintant, or of a Triple, 
(as we ſhall ſee afterward) that is, of 144, or of 216 Degrees. For the Qua- 
druple of theſe a!ſo, will have the ſame Subtenſe with that of the ſingle. For 
2x 4—Z = 1+. And+x4=2*2=2 +3. Where the Exceſs above the 
entire Revolutions ( which are here Equivalent to nothing) is +, or #, both 
which have the ſame Subtenſe ( as at $ 32. ) over that of the ſingle Arch; 
that is , 4 5, OT F- 


XLYI. Since 


Fig. 
XXVIII. 


32 
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Fig. 6 EY 2” ; | 
XXVIL XLVI. Since therefore (as is ſhewed ) ET. Rq=Aq, 1s the Square of 
the Subtenſe of a Quintant 3 the Square of the Subtenſe of its Reſidue tothe Semi- 
circumference mult be 4R q —, =v 'R == — Rq. Which is therefore 


the Square of the Subtenſe of 103 (=180 — 72.) And the Quadratick Root thereof 


v 5 =R(=y: SE Rq:) as was alfo before ſhewed. 


XL VII. And for as much as LET R 1s the Subtenſe of 1c8 Degres, that 
is of 18 Degrees above a Quadrant; let this Subtenſe be S, and the Subtenſe of 
18 Degrees, (which 1s the Exceſs above a Quadrant) E. Therefore, (by $ 54, 
Chap. preced. ) $q--Eq—SE4/2=2Rq. And therefore, Sq—2Rq= 
ESy/2—Eq. And (by reſolving that Equation) *Sy/22Xy/: 2Rq—£ Sq: 
—E. The leſler of which Roots is here to be choſen, becauſe E is the leſler 
of the two S, E. 


XL VIII. But (as 1s ſhewed) S —= V5utt R, and therefore, ZSy/ 2 = 


Ln, And Sq = = Rq, and therefore, 2Rq—Z*Sq= SIT 
4 

Rq, (half the Square of the Subtenſe of a Quintant,) whoſe Square Root is 

VS *R. And therefore, (the leſs Root being here of uſe) {Ace ht as. Au 


4 
R=E, the Subtenſe of 15 Degrees. 


XLIX. The ſame Arch of 18 Degrees, is alſo the Complement of a Quintant 
to a Quadrant. And therefore if the Subtenſe of a Quintant (or 72 Degrees, 


being leſs than a Quadrant.) be called A=Ry oma, Bo : and the Subtenſe of its 
4 


Complement to a Quadrant (or of 18 Degrees) E: Then (by $ 52. Chap. preced.) 
Aq+EqHAEy/2—=2Rq. And therefore, Eq-|-AEy/2=2Rq=—Ag. 
And (reſolving the Equation,) 4:4 Aq-þ2Rq—A4q:(=y:2Rq—:iAq:) 
Ay2=£. 


3+-v5 


L. But Aq = Rq (half 


the Square of the Subtenſe of the Seſquiquintant , or 1c8 Degrees;) and the 


REEL And Av 23=Ay/S=Ry/ 
mi And therefore, RED S —YEp=s 


Rq, and therefore, 2Rq—}; Ag=z 


Square Root thereof y/ 


4 
the Subtenſe of 15 Degrees, as before. That is, 


LI. The Subrenſe of the Seſquiquintant, or of 108 Deerees, (that ts, the greater 


Segment of the Radius cut in extream and mean proportion, increaſed by the entire 


Radius, ) Multiplied into y/ 2 ( for Ln Ry 2= LEES R,) wanting the Sub- 


2 


tenſe of the Quintant Multiplied alſo into 2 (forRy $5 into 4/2, =Ry: 


5—y5:) #- equal to the double of the Subtenſe of 18 Degrees, ( And half thereof, 
equal to that Subtenſe.) Or, 


LI. The Difference of the Subtenſcs of the Seſquiquintant and of the Quintant, (or 
of 1c8 Degrees, and of 72 Degrees) divided by / 2, is equal ro the Subtenſe of 
18 Degrees. That is, that Difference is double in Power to this Subtenſe, ( duplur7 
poreft, ) or, tie Square of that, is double to the Square of this. 


LIE. But, 


Cuarty., 
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UII. But, The ſubrenſes of the Quintant and Seſquiquintant, (that is, of 72, and 
of 1-8 Degrees, which together complete the Semicircumference) Mulrivlied the 
one i110 the other , (or the Rectangle of them, divided by the Radins ;, is equal to 
the Subtcnſe of the aouble Arch of ether. For, by S 9, Chap. R) AE (B. That is, 
of 144, or of 216 Degrees. That is, of the double, or Triple Quintant , 


(theſe two having the ſame Subtenſe.) That 1s, 


R  * 


-P ./ s 545 » 
ELzVS IN 
2 x. 


; » #5 equal 10 the Subtenſe of the Biquin- 


LIV. The Radins Mattiplied into y/ *- 
tant ,- and of the Triquintant ; That is, to the Subtenſe of .144., and of 216 De- 


grecs. 


LV. Ard the Equare of this ſubtracted from the Square of the Diameter , 
leaves (3 ; 


what 144 Degrees wants of a Semicircumference, and what 216 exceeds it. 
For 180 — 144 = 36 = 216 — 180.) And the Square Root thereof is that 


vx R a) the Square of the Subtenſe of 36 Degrees ; ( as being 


v5 Rq:== KR. That is, 


Fbtenſe, y/: — 


LVI. The greater Segment of the Radius cut in extream and mean Proportion, us the 
Subtenſe of 36 Degrees. 
bed Decagon. 


That 1s, of half a Quintant, or the ſide of the inſcri- 


LVII. But we had before ſhewn (at F 38.) that this added to the Radius 
(which is the Subtenſe of 60 Degrees, or lide of the inſcribed Hexagon,) is equal 
to the Subtenſe of 108 Degrees, or Seſquiquintant : Therefore, 


LVIIH. The Azgregate of the ſubtenſes of 36 Degrees, and of 60 Degrees, (that is, 
the ſides of the inſcribed Decagon and Hexagon,) #s e 
{that is, of the Seſquiquintant , or three Tenths.) 


qual to that of 108 Degrees ; 


LIX. If therefore to the Subtenſe of 36 Degrees, 


EI R, be added that 


& os. ; : 
of 108 Degrees LEM R,it makes /5Rq, or Ry5. That is, 


LX. The Subtenſe of the Semiquintant (or 36 Degrees) and of the Seſquiquintant 
(or 103 Degrecs) added together , are in power Quintuple to the Radius, (that is, 
the Square of that Aggregate is equal to five Squares of the Radius.) For, 


a/ Oe I 


= R4-- 


2 


VSrT K<=Rv $ 


+1, vn, 


LXI. eAnd their Difference 1 equal to the Radius, For , 
E= RK. 


LXII. eAnd the Reftangle of them, 1 equal to the Square of the Radins, For, - 


LXIIT. end the ſum of their Squares is Triple to the Square of the Radius. (Or, 
equal to the Square of the ſide of the inſeribed Trigone.) That is, — 


=—=X5 
2 


Rq=3Rq. 
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Fig. 
XXVIIL 


LXIV. And the Difference of their Squares, ts in Power Quintuple to the Square of 
the Radius, (or , equal to five ſquared Squares of the Radius, For, Ys Rq—) 


I=Y5pa=Rays=v 5Raq. 


2 


LXV. Again, The ſum of the Squares of the ſubtenſes of the Quintant and Biquin- 
tant (or of 72 Degrees, and of 1 44 Degrees,) is Quintuple to the Square of the 


Radius. For, 3=Y5Ra+ _ Rq=5Rq. 


LXVI. Azd the Difference thereof , is in Power Quintuple to the Biquadrate of the 


Radins. For, 5 Ko __ Rq=Rqy5=v5R9qq. 
LXVII. Ard the Reftangle of them, is Quintuple of the Biquadrate of the Radius. 
For, _ ?Rq= v5 Rq=5Rqq. 


EXVIIE We have therefore (as hath been ſeverally demonſtrated) theſe 
ſubtenſes, anſwering to their ſeveral Arches, or portions of the whole Circum- 
ferences, viz. | 


Subtenſes. Degrees. Parts of the whole. 
LR 36 . 324 $3 IP 
Ris 72 . 288 2. 
CE R 108 . 252 TIC 

2 
ry 144 . 216 SS 4. 

2R 1806 +5 


LXIX. By the like method we may find the ſubtenſes of 35, 52, 32, 32, of 
the whole Circumference : (as likewiſe of 22, 32, 5+, #2, For the Reſidue 
of 5 to a Quadrant (or Exceſs of 7+ above a Quadrant) is 52; and therefore 


the Subtenſe thereof is RY: =v: R, (as is ſhewed before at F 48.) 


4 
or (which is Equivalent) EEE OR TETY Or,Ry: 2—/ EV 


And the Reſidue of this to the Semicircumference js ;2 ; whoſe Subtenſe there- 
- 4: 10- = 
forcis R fE S.4 _ ERS. _ Or, Ry:2-Hvy/ _—_ Again, the Reſidue of 


72 to a Quadrant (or the Exceſs of 4 above a Quadrant,) is ;2; whoſe Subtenſe 
6 ie £  --. £5 Loon AR Y Or 24/:5tw/5i=wioty2h 
. 3 . CG . 


therefore is - , | 
And the Reſidue of this to a Semicircumference is ;2 ; whoſe Subtenſe therefore 


sRy v5 Or, Rv: 24-4 = For, in ſuch caſes, the 


{fame valne may be expreſſed in very different ways. (All which may be eafiy proved 


by computation, in like manner as thoſe before going ; and like Corollaries 
ealily deduced from them.) And the Remainders of theſe to the whole Circum- 
ferences (43, 32, 33, 35) have the ſame Subtenſes with ther. 


LXX. We have therefore, now , theſe Subtenſes, for the Arches and por- 
tions following. 


Degrees 


ATC. 
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Degrees of Arches. Portions of the whole. Subtenſes. Fig. 
© . 360 2 , 22 - XXVIL. 
8.3 #4 CJiidi=vindgy 
36 . 324 3.4 Yi=in 
F4 - 306 Zo + 36 LS eos R 
72 . 288 = , 26 I —_—S 
gO . 270 oi , + R/2 

108 . 252 " o©® . 3s itn » 
126 . 234 +. 22% 1x: To—245: 
144 . 216 2 Is R / es 
162 . 198 57 - Is REES: 
180 rr 2R 


EXXI. Now if all theſe Arches be compared with the Trient; and the Sums 
and Differences of them ſo compared be obſerved: We ſhall thence have a 
great many more Subtenſes, by what 1s before delivered, at $ 15, 4.7, Chap. 30. 
As for Example, 


LXXII. Suppoſe the Subtenſe of 72 Degrees to be A=Ry $—v » and 


the Subtenſe of 48 $-—- 120—72 ) to be E. Then, ( by Q I 5, Chap. 30.) 
Aq+AE-þEqQ=3Rq, and therefore, AE+Eq=3Rq—Ag. And (by 
reſolving the Equation) 4/:4Aq-+ 3Rq—Aq:(=y:3Rq — z49:) 
—A —E. 

y 4 


LXXTII. But A=Ry i=, and Aq = = Rq. Therefore, E=y: 


LA. ik. 33 Spa. =VY%p.__voSo+tit x —o5t 
3Rq_Aq.—zA=ys: g Rq:—y: G Rq= As 


R —Y: 18-645 T2 Fs y 15-4 3—4/:10—24/5 FE EY 


no + 
tenſe of 43 Degrees, and therefore alſo of 312 Degrees. 


EXXIV. In like manner : Suppoſe (as before) A the Subtenſe of 72 Degrees; 
and Z the Subtenſe of 192 (=120-+72.) Then (by $ 47, Chap. 30.) Zq— 
AzZhAqz3Rq;z and Zq—AZ=3Rq—Aq. And (reſolving the Equa- 


tion) /:3Rq—2Aq:SA=Z=y; iO gg + YRq:= 
/:18+5V5:+4:10—2yv5: rs —Y5t&3tvio—tys: 


- 7 : R. The Sub- 
tenſe of 192 Degrecs, and therefore alſo of 168 Degrees. That is, 


I.XXV. If the Subrenſe of a Trient , be increafed by the greater Segment of ſuch 
Subtcnſe cut in extream and mean proportion , And thereunto be Adated, or taken from 
it, the Subtenſe of a Quintant : The reſmlt is, in caſe of Addition, the double Subtenſe 
of 163 and of 192 Degrees; in caſe of Subtraftion ,, the double Subtenſe of 48 and of 
312 Dezrees, Or thus, 


1,XXVI. 1f 


36 
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—_— 


Fig. 
XXVIII. 


LXXVI. If to the greater Segment of the Subtenſe of a Trient (cut in extream and 
mean Proportion, ) be added the Sum, or Difjerence of the ſubtenſes of the Trient and 
of the Quintant : The Reſult is, the double Subtcnſe , in the firſt caſe, of 168 and 
of 192 Deerees ; 111 the- latter caſe, of 43 aird of 3 bo OR For, y/: 
"Irs es A: LENS La. 393-v5 cs SIA 

S =o: : nn: =Zy: « REG 
the half of the Subtenſe of a Trient (y/ 3 Rq) increaſed by its greater Segment 


if ſocut. And y/: i Ko: =;3Ryv = » 15 half the Subtenſe of a Quin- 


3Rq, 1s 


tant. 


LXXVII. And the Squares of theſe ſubtenſes, ſubtraCted from 4Rq, give us 
the Squares of the ſubtenſes of their Vifterences from a Semicircumference. 
That is, of 12 and of 132 Degrees (whereby 1 6® and 43 come ſhort of a Semi- 
circumference; and whereby 192 and 312 exceed it.) For 12 = 180 — 168 
= 192 — 180; and 132=150 —48 = 312— 180. 


LXXVIII. Again , ſuppoſe the Subtenſe of a Biquintant, or 144 Degrees, 
(which is alſo the Subtenſe of a Triquintant , or 216 Degrees) being greater 
than a Trient, to be Z=Rvy/ A And the Subtenſe of 96 = 216 — 120 = 


240— 144, to be A: And the Subtenſe of 24 = 144 — 120=240— 216, to 
be E. Therefore, (by S 47, Chap. 30.) Zq—ZAAq=Zq—-ZE+Eq 
—3Rqz; and (Zq being greater than 3Rq,) Zq—3RqeZA—Aq= 
ZE—Eq. And reiolvug the Equation) ;ZZ4/:4Zq—Zq--3;3Rq:= 
© x3 Rq—:2Za:tT=AorE) =<Ry? EP wo Ry 2 = 
Sd x<«:Tt:9 — 25: /:1o0-24/5:34/:18—64/s5: 

\ v 2 822 2 R, 


the Sub- 
2 2 4 

tenſe of 96 Degrees if connected by -|-; or of 24 Degrees, if by —. (Thar is, 

SIC T2yS.-ty I-43 R, in the firſt caſe ; RR, 10 x EE 


4 
R, 1n the latter.) That 1s, 


LXXIX. If to the Subtenſe of a Biquintant be Added , or taken from it , the greater 
Segment of the Subtenſe of a Trient (cut in extream and mean Proportion ,,) it gives, 
in the firſt caſe, the Subtenſe of 96, and of 264. Degrees ;, in the latter, that of 24., 
and of 336 Degrees. 


LXXX. And by theſe again ( by ſubduCting the Squares of their ſubtenſes 
from 4R q) we have (the Squares of) the ſubtenſes of their Difference from 
a Semicircumference , whether in Exceſs or defett. As of 84 = 180 — 96 = 
264 — 180, and of 156 = 180 — 24 = 336 — 180. 


LXXXI. And if in like manner we compare alſo the teſt of thoſe at $ 70, 
with the Subtenſe of a Trient ; we ſhall thence have the ſubtenſes of theſe Arches, 


(120—198= 12), (168) v . C343 . 192) 

& |120— go= 30| = & | 150| © - 330 . 240 

S H20-— = 45| 25132120 312 . 228 
<2 | 120— $54= 66 NT 114| 2X | 294 . 246 
ww j;120— 36= 34 g== 96 K. = 256.-- 264 
D 7 220— $=102782)] g8eS 23258 . 282 

To ES & y 7 O = ) x . 

8 [120% 0=120|* 8 | 60 EQ | 240 . 300 
= , 120 18=138 YE | 42 SS 222 , 318 

A | 120 36 = 156 | = 0 24 ws 20+ . 336 

Ll2o+ 5$4=174) . Lt 630 © L186. 354) 


LXXXII. So 
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LXXXII. So that (by theſe here, and thoſe at F 70.) we have ſubtenſes for 
every lixth Degree of the whole Circumference: And conſequently the Right 
lines (as being the half of thoſe ſnbtenſes) for every third Degree of the Se- 
micircumfercnce. And this by the Solution of Quadratick Equations only, without 
the help of Cubicks or Superior Equations. And between theſe may in like 
manner, be interpoſed as many more as we pleaſe, by the continual BiſeCtion 
of Arches. 


LXXXII. We return now to purſue the former Inquiſition which hath been 
ntermitted. The Equation formerly propoſed at F 7, for the QuinquiſeCtion 
of an Arch, 5 A— —|— = —F; beſide the two primary Roots A and E, 
contains yet three other Roots, ( by F 98, 99, Chap. preced.) anſwering to three 
other Chords drawn (from the ſame Point with A and E) to three other Angles 
of the inſcribed Pentagon : Which we ſhallcall L, M, N: Whereof L ſubtends a 
Quintant increaſed by the Arch of A, (or three Quintants increaſed by the Arch 
of E;) N ſubtends a Quintant increaſed by the Arch of E, (or three Quintants 
with the Arch of A;) M ſubtends two Quintants increafed by either of thoſe 
Arches A or E. Forevery of theſe Arches , if Quintupled, will have the ſame 
Subtenſe (of the Quintuple) F, as well as the Quintuple of the Arches A or E. 


LXXXIV. Of theſe three, (in caſe A and E be ſuppoſed Affirmative Roots,) 
L and N will be Negative; but M, Affirmative. But contrarywiſe, in caſe 
A and E be ſuppoſed Negative: For then L, N, will be Affirmative, and M 
Negative. For, 


LXXXV. When the ſingle Arch © leſs than a Quintant ( or greater than four © 


Ouintants ;,) or when it is greater than Two, but leſs than Three; the Subtenſe of the 
Iriple Arch will be preater than that of the double. ( As is eafie to apprehend, or 
may be proved if need be, inlike manner as we have formerly done in like caſes; 
as Is after ſhewed at $ 93, &c.) 


LXXXVI. And therefore, if A (or E,) be the Subtenſe of the ſingle Arch; 
then Cq—Bq=AEF, (or cq—bq=EF,) will be an Affirmative quantity , 
(asat$ 2.) 


LXXXVII. And, in like manner, if M be the Subtenſe of the ſingle, (greater 
than Two Quintants, but leſs than Three,) Cq—Bq = MF, will be alſo 
Affirmative. 


LXXXVIII. But when the ſing Arch is greater than a Quintant , but leſs than 
Two, or greater than Three, but leſs than Four : The Subtenſe of the double will be 
greater than that of the Triple. | 


LXXXIX. And therefore, if the Subtenſe of the ſingle be N, then C q — 
Bq=NEF, will be Negative. 


XC. And in like manner , if it be L; then Cq—Bq=LF will be alſo 
Negative. 


XCI. That therefore, L., N, may have Affirmative values (as well as F,) 
we muſt put the Equations thus, Bq-Cq=NF; and Bq —Cq=z=LE. 
And, if ſo; then the value of the other three Roots will be Negative. 


XClI. But if the ſingle Arch be juſt a Quintant (or two, three or more Quintants) 
the Subtenſe of the doubla will be equal to that of the Triple. And therefore, (putting 
Y or X, for the Subtenſe of the ſingle,) Cq -Bq=VF=0; orCqu Bq=z 
XF=0. The Subtenſe of the Quintuple (in this caſe) vaniſhing to nothing. 


XCIII. Now 


EXIK. 
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' of the Triple, leſs than that of the double : 


XCIII. Now that , for the Arches A, E, M, the Subtenſe of the Triple is 
greater (or at leaſt not leſs) than that of the Duple; but contrarywile for the 


Arches L, N; is cake to apprehend upon a little contiderztion. For if the Arch 
A,or E, be 10 Degrees; B is 20; C, 30: It that be 20; Bis 40; C, 6c: 


If Abe 40; Bisto; C, 12c: If. A be 60; B is 120; C, 160. (Andhitherto 
is no douvt, becauſe we are not yet paſt a Semicircumterence z and, till then , 
15 the Arches increaſe, the Chords increale alſo; though not when we are paſt 
i180 Degrees.) If A be 50; Bis 199=180—40,; C, 2:0= 180-|-30. $6 
that yet the Chord of C, though pait a Semicircumference, 1s greater than 
that of B, becanſc nearer to a Semicircumterence, or 1%o Degrees ; ( for this 
doth lets exceed it, than that wants of it.) And fo 'till we come to 72 Deerecs, 
(or of the whole) for then B 1s 144. = 180 — 36, and C, 216=180-þ-36; 
where the diſtance is equal, and accordingly the Chord of the Triple equal to 
that of thc double. But when we be palt a Quintant, that of the Triple be- 
comes leis; for if the ſingle Arch N = 2-|-E be 93; B 18146 == 180 — 34; 
C, 219 =180-|-39; and this doth therefore more exceed 130, than the other 
comes ſhort of it; and hath therefore the ſhorter Chord. So likewiſe, if N 
be 80; Bis 160 = 180— 2c; C, 24> = 180 +60: If N be go, Bis 180; 
C, 270 :=- 180-go : If N be 109; Bis 200 = 180 -|- 20 = 360— 169; 
C, 3<o= 180-]- 120= 360 — 60: Where the Triple is farther from a Semi- 
Circumterence, as more exceeding it ; ard nearer to a whole Revolution (which 
is Equivalent to nothing) as approaching nearer to it ; and therefore the Chord 
So, if N, or L be 108; Bis 216 
= 180-356 =360—144; C, 324 = 360— 36=180- 144. If L = 5--A 
be 120; Bis 243 = 180 60== 360 — 120; C, 360. And therefore thar B, 
the greatcr Chord : And fo it will be *rill we come to 144 Degrees (cr +) when 
again they will become equal; for then B will be 288 = 180-þ 108 = 360—72; 
and C= 432 = 36072 = 5$49—103; which doth as much ſurpaſs a whole 
Revolution as the other wants of it; and doth as much want of a third Semi- 
circumference as the other exceeds the firſt ; and therefore their Chords become 
equal. But after this, the Chord of the Triple doth again become the greater : 
For if M the ſingle Arch be 145; B will be 290 = 180-| 110 = 369— 70; 
C, 435= 360-75 =540— 105 : If M be 150; Bis 300= 360—60; C, 
459 = 360-90: It M be 180; Bis 360; C, 1s 540 = 360 -| 180: If M. 
be 200; B 1s 400 = 360-|-40; C, 600 = 360+- 240; where the Arch C 
(as farther remote from an intire Revolution) requires the greater Chord. 
And ſo onward 'till we come to 216, (or {) where the Chords of B and C do 
again become equal, for B will be 432 = 360-72; C, 648 =720—72; 
where the Arch B doth as much exceed one Revolution, as C wants of two; 
and therefore require equal Chords. After this, the Arches L, N, from 216 
£©o 283, have the ſame Chords with thoſe of L, N, from 144 backward to 72, 
{ as being their Complements to a whole Revolution, )) and the ſame- Chords of 
their Doubles ard Triples, with the Doubles and Triples of thoſe ; and there- 
fore (3s there) the Chords of the Duple greater than thoſe of the Triple. And 
from thence to 360 ( which is an entire Revolution) the Chords are the ſame 
with thoſe of Aand E, (as being the Remainders of theſe to an intire Revolu- 
tion) and theretore here alſo, the Chord of the Triple is greater than that of 
the Duple. 


XCIV. All which depends on this General Conſideration; (which equally 
ierves for ail ſuch Comparings of Arches and their Subtenſes; and is therefore 
10be taken notice of, once for all.) That is, 


XCV. eArches equally diſtant from the beginning or end of (one or more) entire 
Revgtuions, have equal Subtenſes , ( for the fame Chord doth indifferently ſubrend 
both or all of them; ) But thoſe which are leſs diſtant from ſuch beginning or end , 


vave the leſſer ſubrenſes; (as neareſt approaching to nothing.) 


XCVI. Again, 
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XCVI. Again, eArches equally diſtant (whether in Exceſs or defett) from 
1,2, 3, (or any odd number of) Semichcumferences , have equal ſubrenſes, ( for 
here alſo the ſame Chord ſubtends both or all; ) b«t thoſe which are leſs diſtant 
from ſuch Semicircumferences, have the greater Subtenſe, ( as neareſt approaching 
to that of a Semicircumference, or 180 Degrees, the greateſt Chord of all.) 


XCVII. 'Tis manifeſt therefore, that, if the Arch E or A be not grea- 
ter than 60 Degrees, and conſequently the Triple Arch do not exceed one 
Semicircumference, That of the Treble (as neareſt approaching to it ) will be 
greater than that of the Double. And though A be greater than 60 Degrees; 
that of the. Triple will yet be the greater, 'till this do as much exceed a Se- 
micircumference as the Double comes ſhort of it: Thar is, 'till 2* A= 180 
Deg. or + of the whole Circumference ; that is, 'till A=3, or 72 Degrees. 
- And what is ſaid of E and A leſs than +, doth equally hold of # +a =1—E, 
and  +E —=1—A, which have the ſame Chords with E and A; and their 
Double and Treble, the ſame with the Double and Treble of E and A. 


Fig. 
XXX 


XCVIII. But if N, or L, the ſingle Arch exceed *, ſuppoſe * +E of *-|-A; | 


the Subtenſe of the double will be the longer. .For the Subtenſe of ; being the 
ſame with that of 5 = 1 —};. that of 2zN=5 + 2E will be longer than it, 
as nearer approaching to Z; ('till 2N or 2L =; thatis, Nor L=+ or yo 
Degrees ;) but that of 3N=2—+3E leſs than it, as nearer approaching to 1 
intire Revolution. And even when 2 L exceeds F,, yet 3 L will have the leſs 
Chord, as nearer approaching to x intire Revolution; *r#l it become equal to 
it; thatis, 3L=1, andL =}, or 120 Deg. And even after this, 'till 3 L 
do as much exceed 1, as 2 L comes fhort of it; that is, 'till23L=1; or 
L=2 or 144 Degrees. But then (as before at A or N=+) the Chords will 
be equal; for then the double is F = 1 — 5; the TrebleS =1 +5. And what 
isfaid of N=#—+E, or L=4-+A; holds equally true of N = -+A, or L=+ 
+E; (thatisof 1 —N, or 1 —L; ) as taving the fame Chords with thoſe. 


XCIX. But when M the fingle Arch exceeds , , fuppoſe 4 -E; the Chord 
of the Treble will again be longer than that of the Double. For the Treble 
of = as much exceeding, as the Double of it comes ſhort of, 1 Revohution; the 
Treble of 2 + E will more exceeed it, (approaching nearer to the third Semi- 
circumference ) and the Double want leſs of it , (approaching nearer to x Re- 
volution, ) 'till } M=#; that is, M=+ or 180 Degrees. And what is faid 
of M=#-+E les than 5; holds alſo of M=2 A—2—E: Whach doth as 


much exceed a Semicircumference, as the other comes ſhort of. it. 


C. 'Tis. manifeſt therefore, that for the Arches A, E, leſs than +,” or more 
than £* (but leſs than rt Revolution;) and again for the Arch M, more than 
= but leſs than 3; the Chord of the Triple is greater than that of the Double; 
by $97, 99. But, for the Arches L or M, more than 5 but leſs than +; or more 
than +, bur leſs than *; the Chord of the Double is greater than that of the 
Treble;z by $ 98. But in caſe the ſingle Arch be +, 4, +, 5; (or any number 
of Quintants,) the Chords of the Double and Treble aze equal. And the ſame 
method may be purſued inother like Compariſons of Arches and Chords. 


CI. Now, (to return where we left off at $ 92.) what hath been particularly 
delivered , may be ColleCfted into this General. Namely, ( putting O for the 


Caq on 
Subtenſe of the ſingle Arch) Cq >Bq=z=OF (by F 85, 88, 92.) And — — 


CquwBq 
F 


=#F.. Ad ==O. Thatis, 


CI. The 
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Fig. CII. The Difference of the Squares of the ſubtenſes of the Triple and double Arches, 
XXIX. zs equal to the Rett-angle of the ſubtenſes of the ſingle and Quintuple. And thas 
Difference applied to ether of theſe , gives the other. (Which is a General to that 

of $3.) Namely, if O be interpreted of A, E, M; then Cq—-Bq=OF, 


TR Sa 
SI — If, of L, N then Bq—Cq=OF, and 2 —=4 


If, of V, X; then BqoCq=VF=o0o. And —=F=o. Or, Bqn 


Bqo Cg 
v 


B C 
Cq=XF=o, and So TI —=F=0. 


CIII. Again, becauſe Cq uz Bq=C+BintoCwuoB; therefore, © .. B 
C :: Bo C. (interpreting Co B, of C—B, for A,E, M; but of B-C, 
for L, N.) That is, 


CIV. es the Subtenſe of the ſingle Arch , to the Aggregate of the ſubtenſes of the 
Double and Triple ; ſo 1s the Difference of theſe , to that of the Quintuple. (Which 
is a General to that of $ 6.) 


CV. But (by $ 45, Chap. 30.) C=300 5-3 and therefore, Cq= 9g O0q— 


. 


Oo 
£ _ + — : And (by $ 7, Chap. 29.) B=y:40q— _ and therefore 
Bq=40q— _ From hence therefore , we may have the value of C q N 


Bqz OF, and of LL =F, ſutable to each caſe. Namely, 
CVI. If the Arch O beleſs than + , or more than *; (that is, from ©, to + 2* 
and from 288, to 360.) Or more than; but leſs than +, (that is, from 144, to 216*) 


; 6 
there is OF = Cq—-Bq=gOq— = Fe —4 094+ =50q 
mw, oc rg Le 2: VET | 
es + Rn: And F=5O— Ra T zgq And O to be underſtood of 


A, E, and M. 


CVII. But if the Arch O be more than + but leſs than +; or more than + but 
leſs than *; (that is, from 72 Degrees to 144, and from 216 to 288 :) Then 


f Qqq 6049 Occ 

is, OF FE LLNETS"900T 5, 9 =—50q + 

$0qg_— Occ. 5Oc__Ocq ; | 

TY "_, And F=—$50+ ——_—_— And O to be interpreted of 
, N. 


CVII. That is, (to reduce all to a brief Synopſis) 


ram ©? to 36.” $E— EF Sb. From 324" to 360.* 
i... pA TRE ACI = as; 
72 IoS. —x N-l- = I 252 . - . 288. 
108 144. —5L+ LES =p, 246 - 346 
From 144 to 180. +5 Mo EEdpS=E From 180 to 216. 


And, inthe common term (or Point of connexion) of theſe Intervals, it is indifferent 
to whether of the two to refer them : As at 36 Degrees, to E or A; at 72* to A 
or N ; and ſo of the reſt. | 


CIX. Hence 
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CIX. Hence follows this Five-fold Equation; containing five Roots. 5RqqE 
— 5RqEc+Eqc=5RqqaA—5Rqac+Aqc=z(RqqrF=)—5RqqN 
+sRqNc—Nqc=—$sRqqal+sRqlc-Lqc=+$Rqqu— 
gRqMc-+Mqc. | 


CX. Now becauſe 5Rqqa—5RqachAq c=5RqqE—5RqEcÞEqc; 
therefore, (by tranſpoſition ) 5Rqqa—5RqqE=5Rqac—5Rqhc— 


Aqc-+Eqc: And (dividing all by A—E,) 5Rqq= Rn RG. 
AqC—Eqc 
hee B 
_ Ac— EC : 
CXI. But (by $ 13, 14, 15, Chap. 30.) ——<- = AqFAE+Eq=i5Rq, 
Ac—E 

and therefore , — 5Rq=15Rqq: Therefore, 5Rqq=15Rqq— 
Aqc—Eqc . Aqc—Eqc 
—=x =: Tatts nm = 19 Rqe 


CXII. And again, becauſe (as will appear by Diviſion) _ —=Aqq 


+AcE+AqEq+AEc+Eqq: Therefore, Aqq+AcE+AqEq-+AEc 
+Eqq=10Rqq. 


CXIII. But the Angle contained by A, E, is of 144 Degrees. (As being an 
Angle in the Circumference inſiſting on an Arch of 288 Degrees, or * of the 
whole.) Therefore, 


CXIV. The Difference of the Quaadricubes of the Legs containing an Angle of 144 
Degrees, or divided by the Difference of thoſe Legs, us equal ro Ten Biquadrares of 
the Radius of the Circumſcribed Circles. (by $ 111.) That is, (by $ 112.) 


CXV. The Biquadrates of the Legs containing an Angle of 144 Degrees , together 
with the three means proportional between theſe Biquadrates, u equal to Ten Biquadrates of 
the Radins of the Circumſeribed Circle. 


CXVI. But now the Baſe of this Triangle, being the fide of an Inſcribed E- 


euilater Pentagon, or Subtenſe of 72 Degrees ; is, (by $ 31.)R / i= 3 and 
—10y'5 
30 = Rqq= 


EI ay 
therefore the Square of this ——_ Rqz and, its Biquadrate, 


= rqq: Which is, to 10Rqq, wn — 


Therefore, 


to 10; or as 3—+yx5 to4. 


CXVII. The Difference of the Quadricubes of the Legs containing an _ le of 144 


Degrees, divided by the Difference of thoſe Legs , or the Biquadrates of the Legs 
containing ſuch Angle, __ with the three means Proportional between theſe Bz- 
auadrates > ts, tothe Biquatrate of the Baſe ſubtending that Angle, a14103— 5. 


CXVIII. Again , becauſe (by $ 109.) FRqqQM—5RqMc-+ Mqgc= 
(RqqF=) 5Rqqa—gRqacAgc (M being greater than A;) there- 


fore (as at $ 110, 111, 112,) 5Rqq= —; Rq———== 15Rqq— 
po _ And == 1o0Rqq=Mqq+McA+MqagpMAcFAqq 


CXIX. And 
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Fig. 
XXIK. 


'CXIX. And (by the ſame reaſon ) 5Rqqa=— 5Rq— Fe 


eRgg—=E And SICTER ioRqq=Mqq--McE-+MqEq 


M—E 
--MEc+Eqq. 
CXX. And alſo, becauſe (by $ 1cg. ) —$RqqL+5RqLc—Lqq= 


(RqqF=) —5RqqN+5RqNc—Nqe; and (changing all the ſigns) 
5RqqL—5RqLc+Lqc=5Rqqn—5RqNc--Nqc{L being greater 
C 


L C— LUC — 
than N:) Therefore, (as at FS 118.) 5Rqq= = 5 Rq— Ds 


=15Rqq— I And EEE =10Rqq=Lqq-+LcN-+ 
LqNq+LNc+Nqq- : 


CXXI. But the Angles contained by M, A; and M, E; and L, N; are of 
72 Degrees ; (as being Angles in the Circumference inſiſting on an Arch of 144. 
Degrees, or + of the whole: ) And, as to M, E; one of the Angles at the Baſe, 
obtuſe; but, as to M, A; all acute: (This being an Angle in a greater Segment ; 
that, ina leſs, than a Szmicirclez) and likewiſe, as to L, N, all acute. There- 
fore, (as at $ 114, 115.) 7 


CXXII. The Difference of the Quadricubes of the Legs containing an Angle of 72 
Degrees , divided by the Difference of thoſe Legs; 1s equal to Ten Biquadrates of the 
Radius of the Circumſcribed Circle. And , 


CXXIII. The Biquadrates of the Legs containing an Angle of 72 Degrees , together 
with the three means Proportional between thoſe Biquadrates , is equal to Ten Biquadrates 
of the Radius of the Circumſcribed Circle, | 


CXXIV. But here the Baſe of this Triangle (ſubtended to that Angle of 72 
Degrees.) is the Subtenſe of a Biquintant, or Triquintant ; that is, wr, 4 = 1464 


Deerees ; or of + = 216 Degrees; which is (by $54.) Ry SLY — 
Square of this irVig q: And its Biquadrate 200” : oy/5 


2 
Which is, to 10 Rqq, as CELS to 10; or, as 3-45 to4. Therefore, 


Rqqz———< 


CXXV. The Difference of the Quadricubes of the Legs contanining an Angle of 72, 
Degrees drvided by the Difference of thoſe Legs; or, the Biquadrates of the Legs con- 
taining ſuch Angle, together with the three means Proportional between thoſe Biqua- 
drates; us, to the Biquadrate of the Baſe ſubtending that Angle, as 4 t9 3 +5. 


CXXVI. Again, becauſe (by F 109,) 5Rqqa—5RqacþAq=(Rqqr=) 
—$sRqqL+5RqLc—Lqc(L being greater than A:) Therefore, (by 
tranſpolition) 5RqqL + 5Rqqa=5FRqEc+sRqac—Lqc—Agc 


And (dividing all by L+ 4) 5Rqq= EE . Rq— HA 
= _ | 
CXXVII But (by $ 46, 47, Chop. 30.) ac EA =LqLAbAq=3Rq 


Lc+A | 
and therefore , Tx 5Rq=25Rqq: Therefore, 5Rqq=i5R qq— 


Lqc+Aqc . Iqc-tAqec 


CXXVIII. And 
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A ho 


CXXYUHI. Andagain , becauſe..C.as will appear by Diviſion) SN oh 
Lqq—Lca+Lqaq—-LaAc+&qq: Therefore, 1. qq—LcA LAs 


—LAc+Aqq=:0Rqq.. | 
CXXIX. But the Angle contained by L, A, is of 36 Degrees (as beinz-an 


Angle at the Circumtererence inſiſting on an Arch of 72 Degrees, or + of the 
whole,) and one of the other, obtuſe. 


_— 


CXYX. And the ſame is to be ſaid (for the ſame reaſons) of N . '* as 

o& LA. | B | 

© .CXXSML. Andalfo, beczuſe in like manner- (by $ 109,) 5RqqM-—y RqMc 
+Mqge=(RqqF=) —5RqqN+z5RqNc—Nqez;(M being greater 

than N : ) "Therefore, (by the ſame methods,) bk 5 i 10R qq= Mqq 

—McN+MqNq—MNc+Nqc, And the Angle contained by M,N, is of 


36 Degrees ; and one of the other; obtuſe. | = IE 00 | 


CXXXII. And juſt the ſame (for the ſame' reaſons) of M, L; ſave that hots: 
the Angles be all acute. | RR £0 - &1 


CXXXIII. And theſe are all the caſes that can happen, the Angle at the Vertex 
being. 36 Degrees; for that of the Legs V, X;. is to be reduced to that of A,L; 
and that of X, X; to that of L, M; (and the like is to be underſtood of orher 
like caſes, where A is extended to the whole Quintant, and E vaniſheth into 
nothing.) Therefore , JC ; 

CXXXIV. The Sum of the Quadricubes of the Legs containing au Angle of $6. 
Degrees, divided by the Sum of thoſe Legs, u equal to Ten prongs ur of the Radius. 
of the Circumſcribed Circle, (By Y 127, 130, 131, 132.) And, 


CXXXV. The Biquaarates of the Legs containing an Angle of: . 36 Degrees, with 
a mean Proportional between thoſe Biquddrates , wanting the firſt and third of three. 
means Proportional between them; are equal to Fen Biquadrates of. the Radius of the 
_ Circumfcribed Circle. Ty . Be 5; 

CXXXVI. But the Baſe ſubtended to this. Angle of 36 Degrees.,: being. the 
fide of an inſcribed Equilater Pentagon ; (as at 9 116,) the Biguadrate horeof- 
is to 10Rqqas3—45 to 4. And therefore, 


CXXXVII. The Sum of the Quadricubes of the Legs-containing an Angle of 36 
Degrees, divided by the Sum of thoſe Legs: Or, the Biquadrates of the Legs con- 
raining ſuch Angle , with a mean Proportional between thoſe Biquadrates , wanting the 
firſt and third of three mean Proportionals between them; #5, ta the Biquadrate of the 
Baſe ſubtending that Angle;, a4 4, to 3—y x. 


CXXXVIII. Again, becauſe (by $ 109. 5RqqA— $Rqac+Aqc= 
(RqqF=)—$5RqqN+5RqNc—Naqc; (N being greater than A; ) 
Therefore, (as at F 126, &c.)) STA =10Rqq=Nqq—NcA+ 
NqAq—NAc-+Aqggq. 


CXXXIX. And, in like manner , becauſe 5RqqE—5RqEc+Eqc= 
(RqqfF=)—5Rqql-+5Rql c—Lqc, (L being greater than E :) There- 
be EE. iIoRqq=Lqq-LcE+Lqtq—LEc+Eqq. 


LE 
CXL. But 
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Fig. 


CXL. But the Angles contained by N, A; or by LE; are Angles of 108 


XX1X. Degrees, (as being Angles at the Circumference , inſiſting on an Arch of 2g6 


Degrees, or + of the whole.) Therefore, 


CXLI. The Sum of the Quadricubes of the Legs containing an Angle of 108 
Degrees , divided by the ad, choſe Legs, u equal ro Ten Biquadrates of the Radixs 


of a Circumſcribed Circle. And, 


CXLII. The Biquadrates of the Legs containing an Angle of 108 Degrees, with 
« mean Proportional between thoſe Biquadrates, wanting the firſt and third of three means 
Proportional between them; are equal to Ten Biquaarates of the Radina of a Circum- 


ſeribed Circle. 


CXLIII. But the Baſe ſabtended to this Angle of 108 Degrees, is the Snb- 
tenſe of a Biquintant, or (which is the ſame) of a Triquintant ; that is, of 


} or 4 of the whole Circumference : And therefore, (as at $5 124) 1s to 10Rqq, 
as 3+ 5 to 4. Therefore, 


CXLIV. The Sum of the Quadricubes of Legs containing an Angle of 108 Degrees, 
divided by the Sum of thoſe Legs: Or , The Biquadrates of the Legs containing ſuch 
Angle, with a mean Proportional between thoſe Biquadrates, wanting the firft and 
third of three means Proportional between them, us , to the Biquadrate of the Baſe 


ſubtending that Angle, 44 410 3-445: 


CXLV. Now theſe ſeveral Theorems thus delivered in particular » May be 
Collected into theſe Generals following. Namely, 


CXLVI. The Difference of the Quadricubes of Legs containing an Angle of 144 
or of 72 Degrees, divided by the Differences of thoſe Legs: Or, The Sum of the 
Quaaricubes of Legs containing an Angle of 36 Degrees, or of 1c8 Degrees, divided 
by the Sumo Ft. Legs: Or, (which is Equivalent to thoſe) The Biquadrates of 
the Legs (in the former caſe) with the three means Proportional between them; Or, 
(in the latter caſe) The Biquadrates of the Legs, with a mean Proportional between 
them, wanting the firft and third of three means Proportionals: Are equal to Ten 
Biquadrates of the Radius of a Circumſcribed Circle. And, Theſe, to the Biquadrates 
of their reſpeive Baſes ſubtending ſuch Angle of 144 Degrees , or of 36 Degrees ; 
are 254 to 3—4/F5; but, of the Baſes ſubtending ſuch Angle of 92 Degrees , or of 
108 Degrees, a1 4t0 3+ 4/5: Or, as 8 to 6—24yF5, and 8 to6þ24 5. 
That is, in the Duplicate proportion 24/2 toy/5 —1=4/:6—245; and 
of 24/2 toy/5-+H1=4/:6+2v 5. 


CXLYVII. And thoſe ſides, contain theſe following Angles. 
Sodes, es. Sides. Deg. Sides. Deg. 


A, E- ids L, A N, A og 
M, A. N, E is Ln 
M.,E. m2 M, 

L, N. M, N 


whereof the Four firſt Couple, are ſides of like ſigns; the ſix latter, of unlike. 


.CXLVHI. The ſame Equations may be thus alſo conſidered. Becauſe ( by $ 
110) 5Rqqa—5RqqE=5Rqac—5Rqtc—Aqc+Eqc: Therefore, 
(dividing all by A—E, and again by FRq,) Rq=aAq+AE+Eq— 
CUTE LEED And (by tranſpoſition) 


Aq+AE—+Eq—Rq, into 5Rq=Aqq-+AcE-+AqtEq+AEc+Eqq- 


CXLIX. And 
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CXLIX. And in like manner ( becauſe? M, A, and M, E, and L, N, have 
:1ſo like ſigns.) | 


Mq-|-MA-|-Aq—Rg, into 5Rq, = Mqq-|-McA-|-Mqaq+MAc-{-Aqgq. 
Mq-+ME-+Eq—Rq, into 5Rq, = Mqq-McE-+MqEq-+MEc-|-Eqq. 
' Lq-+LN--Nq—Ra, into 5Rq, =Lqq+LN-+LqNq+LNc-|Nagq. 


CL. And therefore, 1n a Right-lined Triangle, whoſe Legs contain an Angle 
of 144 Degrees, (as A, E,) or 72 Degrees, (as M, A, or M, E, or L,N,) if the 
Squares of the Legs , with the Reftangle of them, wanting the Square of the Radius 
of the Circumſcribed Circle , be all Multiplied into five times the Square of that Radius : 
The Produtt 1s equal to the Biquadrates of the Legs, with three means Proportional 
between thoſe Biquadrates. 


CLI. In like manner may be ſhewed , ( where the ſigns of the Legs be un- 


like,) That, 


L q—LA-+Aq—Rg, into 5Rq, = Lqq—LcA-+Lqaq—Lac-| aqgq. 
Nq—NE-|-Eq—Rq, into 5Rq, = Nqq—NcE-+NqEq—NEc--Eqgq. 
Mq—ML--Lq—Rq, into 5Rq, = Mqq—McL-+MqLq—MLc-4-Lqgq. 
Mq—MN--Nq—Rq, into 5Rq, =Mqq—McN+MqNq—MNc-Naq. 
Nq—NA-|-Aq—Rq, into 5Rq, = Nqq—NcA+Nq Aq—Nac-|-Aqq. 

L q—-L E+Eq—Rq , into 5Rq, = Lqq—-LcE-Lq Eq—LE c-|-Eqq. - 


CLII. And therefore , 1» a Right-lined Triangle , whoſe Legs contain an Angle 
of 36 Degrees, (as L, A, or N, E, or M, L, or M,N;) or 108 Degrees, ( as 
N, A,orL,E;) if the Squares of the Legs, owes the Reftangle of them, and 
the Square of the Radius of the Circumſcribed Circle , be all Multiplied into five times 
the Square of that Radius ; the Produtt 1s equal to the Biquadrates of the Legs, and a 
mean Proportional between thoſe Biqnadrates , wanting the firſt and third of three means 
Proportional between them. | 


CLIII. Now all this variety of caſes, and DeduCtions from them ; from 
$ 83, hitherto, ariſeth from the firſt ConſtruCtion, at 9 1. and what is Analo- 
gous thereunto : Where the ſix Lines, for the four ſides and two Diagonals of 
the Quadrilater, are F, A; B,B; C, C. And the variety ariſeth from hence; 
that ſometimes C, C, are the Diagonals ; and B, B, oppoſite ſides; ſometimes 


C, C, are oppolite ſides; and B, B, Diagonals; according as C or B happens 
to be greater. 


CLIV. But, by a like method, with ſome little alteration, we may infer moſt 
of the ſame things; (and obſerve thence like Deduftions, of others Analogous 
thereunto; with like variety of caſes;) from the ſecond Conſtruction, art y 93 
where the ſix Lines are, F, C; A, A; D, D. Where the variety of caſes pro- 
ceedeth from hence, that ſometimes D, D, are Diagonals, and A, A, oppolite 
lides; ſometimes D, D, are oppoſite ſides ; and A, A, (or what anſwers to them) 
Diagonals; according as D, or A, (or what anfwers to this, E, L, M, N,) are 
greater. 


CLV. And accordingly, the propoſitions at $ 10, and 12, may be delivered 
more generally. Namely , 


CLVI. The 
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Fig. 
XXVI. 


Fig. 
XXVII. 


CLVI. The Difference of the Squares of the ſubtenſes of the Quadruple and of the 
ſingle Arch ; i equal to the Rettangle of the ſubtenſes of the Triple and Quintaple. 
And, being divided by either of theſe, it gives the other. And, 

CLVII. es the Subtenſe of the Triple Arch, to the Sum of the ſubtenſes of the Qua- 
druple and of the (ingle; ſo # the Differences of theſe, ro the Subrenſe of the Quinugle. 
Whether ſuch ſingle Arch be leſler , or greater, or equal to a Quintant. 


CLVIII. And in like manner , from the Third Conſtruftion, at $ 14. where 
the ſix Lines are, F,A; C,A; B, D. And what is there delivered (at $ 15,17.) 
of an Arch leſs than a Quintant, may be more generally delivered, thus, 


CLIX. The Difference of the Reftangles of the ſubtenſes of the double and of the 
Quadruple Arch ; and, of the ſingle and Triple ;, 1 equal to that of the Subtenſes of the 
ſingle and Quintuple. And, being divided by either of theſe, it gives the other. 
And 
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CLX. es the Subtenſe of the ſingle Arch, to that of the double ; fo # that of the 
Quadruple, to the Sum or Difference of the ſubtenſes of the Triple and Quintuple ; 
according as B, D, happen to be Diagonals or oppoſite ſides 


_ CL XI. And in like manner , from the Fourth Conſtruftion, at $ 20; where 
the ſix Lines are, F,B; A,B; C, D. And what is there delivered at $ 21, 23, 
may be more generally delivered ; thus, 


CLXII. The Difference cf the Reftangles , of the ſubtenſes of the Triple and Qua- 
aruple Arches; and , of the ſingle and double; ts equal td that of the ſubtenſes of the 
_ and Quintuple. And, being divided by either , gives the other of them. 
And, 


CLXIII. es the Subtenſe of the double Arch , #s to that of the Triple; ſo u 
that of the Quadruple, to the Sum or Difference of the ſubtenſes of the Quinuple , 
and ſingle; according as C, D, happen to be Diagonals, or oppoſite ſides. 


CLXIV. And from every of theſe Conſtruftions, may be derived like varietie 
of caſes and Conſequences, (with Figures ſuited to thoſe caſes:) as (at $ 83, &c.) 
is done from the firſt Conſtrution. But I forbear to purſue theſe any farther ; 
and leave it to any who ſhall think fit, (for their own Exerciſe,) to purſue theſe 
as I have done the firſt. 
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CHAT V. 


Of the Sextuplation , and Sextiſetion of an ARCH or ANGLE: 


And other following Multiplications and Seftions. 


CCORDING to the ſame methods may be had, the Sextupla- 
tion, Septuplation , and other conſequent Multiplications ; as alſo 
the SextiſeCtion, SeptiſeCtion, and other conſequent Sections, of 
an Arch or Angle. Of which I ſhall briefly touch at ſome. 


II. The Sextuplation, may be had, by Tripling the Double, or Doubling the 
Triple Arch. And, accordingly, the Sextiſettion, by BiſeCting the Subtriple, or 
Triſecting the Subduple. (as is of it ſelf manifeſt.) And the ſame holds, in like 
manner , for Multiplicattons and Sections which take their Denomination from a 
Compound number: For Multiplications and Sections ſucceſſively made, according 
tothe Components of ſuch Compound number, amount tothe ſame as one by ſuch 
Compound number. 


III. But though Six were not a Compound number . or be not conſidered 
as ſuch ; yet may ſuch Sextuplation and Sextiſeftion be had in like manner as 
thoſe before. Namely , 


IV. If in a Circle be inſcribed a Quadrilater , whoſe oppoſite ſides are B, B, 
ſubtenſes of the Duple ; and B, G, ſubtenies of the Duple and Sextuple; and 
the Diagonals D, D, ſubtenſes of the Quadruple. Then is, Dq—Bq=BG; 
and BY Dq—Bq (G. 


V. Or, Let the oppoſite ſides be A, A, and D, G; and the Diagonals F, F. 
Then is, Fq—Aq=zDG; and D) Fq—-Aq (G. 


VI. Or, Let the oppoſite fides be A, B, and C,G; and the Diagonals D.,F. 


Thenis, DF—AB=CG; and C) DF—AB (G. 


VII. Or; Tet the oppoſite ſides be A, C, and B,G; the Diagonals C, F. 


Then CF —<AC=BG; andB) CF—AC (G. 


VIII. And therefore, Dq—Bq=CF—CA. 


IX. Or, Let the oppoſite ſides be A, G, and A, D; the Diagonals B, F. 


Then BE—=AD=AG; and A) BE—AD (G. 


X. Or, Let the oppoſite ſides be B, C, 2nd A, G; the Diagonals C, D. 


Then CD—-BC=AG; nd A) CD—BC (G. 


X1. And therefore, BE —A D = CD—BC: 


XII. It is manifeſt that from hence may be deduced a great number of Equations, 
and Analogies, and great variety of Theorems, in like manner, as 1s done in the 
Chapters foregoing. Bnt I forbear here to purſue them in particular as 1s there 


done. 
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4111. But from every of thoſe Conſtructions, (the values of B, C, D, F, 
being known as is above declared,) we have (by ordering the Equations in due 
12RccA— 19RqqAc-j-$8$RqQAqc—Aqqc 
| Rqcy:4Rq—Ag: MT. 
4R q—A\q:=12RccA—tTt9RqqAc-j-8 R q Aqc—A qQqc. And(taking the 
£quares of theſe, ) 4GqRceeec— GqR qqceAq = 144KRceee Ag — 
455 Rqqccaqgqrtgss3RqecAcc—323ReccAgec--1o2RqqaAqqec— 
I6RqQAcccc+AqCcccc. 


mauncr,) G = Or, GRqcey: 


) 
XIV. That is, (dividing all by 4 Rq-Aq,)RqqccGyq= 36RqqccAgq— 
05 RqccAqq+1i2RecAce—34RqqaAqcc--i2Rqa qqcc — 
EEE - | 


XV. Of this Equation there be Six plain Roots, anſwering to Aq ; the 
Square Roots of which, are A. Whichare ſo many {treight Lines from ſome 
one Point of the Circumference, to the Six Angles of an inſcribed regular 
Hexagon. (So that, any one of them being known, the reſt are known alſo. 
And the like in all ſuch Equations.) 


XVI. Of theſe, the Two leaſt, A, E, (which ſubtend, on the one ſide. to 
Arches lefs than a Sextant z and, on the other ſide to more than five Sextanrs 3 
And the Two greateſt, x, y, (which ſubtend to Arches greater than two Sex- 
tants, but leſs than four; ) are Affirmative Roots ; ( becauſe the Subtendent of 
the double Arch is leſs than that of the Quadruple ; and therefore Dq—B 
an Affirmative Quantity : ) But the Two betwen them I, K, (which ſubtend on 
the one ſide, to Arches greater than one Sextant but leſs than two; and on the 
other ſide, to Arches greater than four Sextants but leſs than five ;) are Nega- 
tives, ( becanſe of D leſs than B; and therefore Dq-Bq a Negative Qnan- 
tity z) G being in all, reputed Afthrmative. 


XVII. If a Chord be ſubtendent to juſt a Sextant, or two or more Sextants: 
it is indifferent to whether of the two caſes on either ſide it be referred : 
ſuppoſe & = '; * ©. (which is to be underitood in all caſes of like nature. ) 
And when ever this happens, one of the Roots vaniſh, or become equal to 
nothing. 


XVIII. For the Septuplation or Septiſettion of an Arch or Angle ; we ſhall 
have, according as the Quadrilater may be differently inſcribed, the Subtenſe 
Dq—Ccq Cl 4 Gqoiq VS 

or Or = OF ——-— 


of the Septuple Arch , H = 


A 2 CE 2 E 5 A J 
Gc—DA  GD—CA GE—BA FC—DB FD—Cp 
Ol B 3 C 2 D p] A yz Or GE 


XIX. From every of which Equatious, (having the values of B, C, D, F. G, 
known as before ,) we ſhall have (by due ordering ſuch Equation) H = 7 A — 
iqgAc , 7Agc Aqqc 

Rq Rgq "> Ree 


: Or, RecH=7RccA—14Rqqac--7Rqaqc 
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XX. The Seven Roots of this Equation; are, ſo many ſtreight Lines from 
ſome one Pcint of the Circumference, to the Seven Angles of an inſcribed 
Regular Heptigon. 


XX1. Of theſe Roots (putting H Aftirmative,) the two leaſt are Affirmative ; 
the two next, are Negative the two next 40 thele, are again Affirmative ; 
and, the orelt Negative. 


XXI'. And after the ſame manner we may proceed as far as we pleaſe : 
Collecting the. conſequent Multiplications and SeCtions, by the help of thoſe 
Antecedent. 


XXIII. And all ſuch as are denominated by a Compound number ( as 
4=2x2, 6=2x3, 6 =2xXx4=2x2x2, 9=3x3, &c.) may, with more 
convenience , (at leſt, as to the Section, if not as to the Multiplication alſo, ) 
be performed by two or more operations, according to the Components of 
ſuch Compound number. 


XXIV. But ,, both theſe, and thoſe which are Denominated from Prime 
numbers, ( as 3, 5» 7, 11, &c.) may (by ſuch inſcription of Quadrilaters) 
be Reduced to ſuch Equations, as will contain as many Roots as is the number 
from which ſuch Multiplication or Section takes its Denomination. 


XXV. And, of theſe, thoſe which are Denominated by an Ever number , 
will afford Equations having Plain Roots; the Square Root of which Plains , 
are the ſubtenſes of the Arches. | 


'XNVI. But thoſe which are Denominated by Odd numbers , afford Equations 
whoſe Roots are thoſe ſubtenſes. 


XXVII. And, of theſe ſubtenſes (as well in the one caſe as in the other, ) 
the two lea't (which 1 look upon as the Principal Roots of the Equation, ) 
are Affirmatives ( ſuppoling the Subtenſe of the Multiple Arch to be always 
put Affrmative;) the two next greater than theſe, Negatives ;- the two next 
Affirmatives ; and ſo onward, Alternately, as long as there be Roots remain- 
ing : favethat, when the number is Odd, the greateſt of all will be ſingular, 
whereas the reſt go by Couples. 
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EMHAP. YL. 


Of the Proportion of the Baſe to the Legs of a Triangle , according 
as is the Angle at the Top of it. # 


I. H E. noted Propoſition of Pythagoras, (which is in Euclid, 47 & 1.) 

concerning the Square of the Baſe cqual to the Squares of the two 

Legs containing a Right-angle: And two more in Euclid ( Pr. 12 . 

13, © 2.) concerning the Exceſs, (in caſe the Angle at the Top be 
Obtuſe;z) or the Defect, (in caſe it be Acute;) of the Square of the Baſe, 
compared with the Squares of the two Legs : And ſome other Propoſitions in the 
foregoing Chapters, ſhewing what Proportion that Exceſs or DefeCt bears to a 
ReCtangle of the Legs, in divers caſes : Gave me occaſion to purſue that Spe- 
culation a little further z according to the following Propoſitions. 


IT. If by the Legs of a Triangle C, D, the Angle at 
the Top contained A, be a Right-angle, ( or of go De- 
grees, ) and from thence a Perpendicular G, on the Baſe, 
cut this into two Segments *, d': The two Triangles 
hence ariſing, *xG C, G4 D, are like to the whole 
CDB; (becauſe of one Angle common, the other a Right- _ 
angle , and therefore the third equal to the third.) And 
therefore (the I r1angles being here deſigned by their ſides.) 


BCG: Co 0 Cq= Br 
and therefore and therefore , 
ED: DD © Dq=Bd 


Cq--Dq=(B*+Bd4=B: into*--Sl =B: =) Bq. Thatis, 


The Square of the Baſe 1s equal to the two Squares of the Legs containing a 
Right-angle. 


IT. If the Angle A be 120 Deg. or © of a Right- 
angle; and thence be drawn the Baſe two ſtreight 
Lines G, F; making, with it, Angles equal to that 
at theTop : TheTwo Triangles « GC, ID. are like 


C to the whole CDB, ( becauſe of one Angle common, 
OR another equal to A, and therefore the third equal 
aff B to the third; ) with a Triangle between G Tu Equi- 
later ( becauſe each of the Angles at the Baſe, and 
therefore that at the Top, are of 60 Degrees :) And 
the Baſe B=u+ 4 +. And therefore , 
EB: C:GC. Gy =Bux 
sS.D::D- and < Dq=B0& Y Therefore , 
».C©-a,T=F= CD=Bu 


Cq+Dq+CD= (B«*+BY +BE=B: into » +4 þu=) B: =Bq. 
That is, ; 


The Square of the Baſe (of an Angle of 120 Degrees ) 1s equal to the Squares of the 
Legs and a Rettangle of them. | 


IV. If 
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IV. If the Angle A be 60 Degrees, or $ of a Right- 
angle; and from thence, G, T, maxing Angles with 
the Baſe equzl to that of-A : Then are, (for the ſame 
cauſes as before)* G C, Ta D, like Triangles to CDB, 
(2s before;) and GT an Equilater Triangle com- 
municating with them: And the Baſe, B=#*-|-—p. 
(or #—v-+.) And therefore, 


B . Git, , =” 
B . Di: DM SR LI Be / 
B.C::D.T=G=s) CD=Bu 


And therefore, Cq-þDq—CD= Bu-BS—Bu=B: into x þ S —v 
=B=) Bq. 1. | 


The Square of the Baſe ( of an Angle of 60 Degrees ) is equal to the Squares of the 
Legs, wanting the Rettangle of them, 


(Note here, that, by *, I underſtand the Baſe to the Legs CG; by of, that 
of the Legs DT; by «, thatofGTr; and, by B, that of C D, which is ever 
equal to x4 ©, however theſe parts be intermingled. Which where it is 
+ &«, is commonly more obvious. to the Eye; but where it js -— k, is more 
perplex, and wiil need more conlideration to diſcern; but it is equally true in 
both caſes.) 


V. If A be 135 Degrees (or 3 of a Quadrant,) and GT drawn (as before) 
to make the like Angle with the Baſe : The Triangles x GC, T D, 
will be ke to C D Bz and GTw will be Equi- 
crural , making the Angles at the Baſe, of 45 De- 
gFrees, (ſo much as A wants of two Right-angles;) - 
and therefore, the Angle at the Vertex (which I ſhall 
call V.) of go Degrees. And therefore, (by $ 2.) | 
fag qQ pponcias 2G q n and Lp — G y 2, And the Baſe B puncnee @- mM Fd + Þ., And theretore , 


B . CG. Ca= Br. 
B .D ::1_ ® and Dq=Bd. 
BC i ag NES I0E2 + E 


CDy/2 =Bu. Therefore, 
Cq-+Dq-þCDy2= (B«--BS+Bu=B: into * + +u=B: =) Bq: 
That 1s, 


The Square of the Baſe (of an Angle of 135 Degrees ) # equal to the Squares of 
the Legs, with a Rettangle of them Jultiplied into y/ 2. 


VI. If A be 45 Degrees: It will in like manner be 
ſhewed, that (becauſe of B= «-- fl —&.) 


Cqþ+Dq—CDy2= (Br BI—Bu=B: into x4 —y=B:=) Bq:. 
That is, 


The Square of the Baſe (of an Angle of 45 Degrees ) is equal to the Squares of the 
Legs, wanting a Rettangle of them Multiplied into y/ 2. 


VIE. And; 
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VII. And, univerſally, what ever be the Angle A; it will (by like proceſs) 
be ſhewed: That, 


Bq=Cq+Dq.=CD. That is, 


The Square of the Baſe (whatever be the Angle at the Vertex ) is equal 10 the Squares 
of the Legs, together with (if it be greater than a Right-angle ) or wanting - (if leſs 
than ſuch ) a Plain, which ſhall be, to the Rett-angle of the Legs, as a Portion in the 
Baſe-line , intercepted between two Lines from the Vertex , making at the Baſe a like 
Angle with that of the Vertex, to one of thoſe two Lines ſo drawn. | 


VIII. Of this we are to give great variety of Examples in the following Chap- 
ter , where this General Theorem is applied to particular caſes: And which is 
further improved by theſe two enſuing Propokitions. 


IX. The Radins of a Circle, with the ſubtenſes of two Arches, 
being gtven; the Subtenſe of their Aggregate 15 alſo given. For, 
ſuppoling the ſubtenſcs of the given Arches to be A, E: The 
ſubrenſes of their Remainders to a Semicircle, are alſo had : 
Suppoſe « =4/: 4Rq—Aq: Ande=y:4Rq—eEq. 
And therefore, inicribing a Quadrilater whoſe oppoſite 
ſides are A,+*; and E, « ; oneof the Diagonals is the Dia- 
meter =2R; the other the Subtenle of the Sum or Ag- 
AetEs 

Es 


gregate of thoſe Arches, ſuppoſe S = 


X. The ſame being given; the Subtenſe of the Difference 
of thoſe Arches # alſo grven. For, having (as beiore) A,«; 
E,t; 2R:; we have (by a Quadrilater duly inſcrived) the 


Ac—Ea' 
Subtenſe of the Difference, X = -R _ p 


XI. It is manifeſt alſo, (from what is before delivered,) that the ſame Tri- 
angle GT x, doth indifferently ſerve for the Angle of 12c Degrees and of 60 
Degrees: And, in like manner, for 135, and 45: And fo, for any two Arches 
whereof one doth as much exceed as the other wants of a Quadrant. For, ghe . 
Angle V is in both the ſame; and the Angles at the Eale differ only in this : 
That, in one, the External Angle; in the other, the Internal, (which is the 
others Complement to two Right-angles; ) is equal to the Angle of C D at the 
Vertex. | 


XII. Hence it follows: That, Of rwo Angles, where the Legs of the one are 
reſpettively equal to thoſe of the other ; the one as much exceeding a Right-angle , 
as the other wants of it : The Square of the Baſe in the one , doth as much exceed the 
two Squares of the Legs; as, in the other, it wants thereof. 


XIII. And conſequently, 1» any Right-lined Triangle, (however inclined, ) the 
Squares of the Axus or Diameter , and of the balf Baſes twice taken are equal to the 
Squares of the Legs. For, ſuppoſing C, C, the two halfs of 
- the Baſe; and B, the Diameter or Axis of the Triangle, 

* (meaning thereby a ſtreight Line from the Vertex to the 
* middleof theBale;) and B, þ, the two Legs : It is manifeſt, 
that, of the two Angles at the Baſe (which are each others 
Complement to two Right-angles;) the one doth as much 
exceed, as the other wants of, a Right-angle: And there- 
fore the Square of one of the Legs, as Bq, doth as much 


exceed ; as the other, Þq, doth come ſhort of; D q-|-Cq. And therefore , 
both together, Bq+-£q=2Dq+20Cq. 


XIV. And 
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XIV. And therefore , The' Baſe, and Aris (or Diameter) of a Triangle remain- 
ing the ſame ;, (however differeatly inclined), the Aggregate of the Squares of the two 
Legs,rematns the ſame. | 


XV. And the ſame is to be. underftood of the Squares of Tangents, of a 
Parabola, Hyperbola, Ebphs, (or other Curve Line. having Diameter and 
Ordinates,) from the two ends of an Inferibed Ordinate , to the Point of the” Diameter 
(produced if need be ) wherein thoſe T angents meet. 

| 


X V1. The ſame may be likewiſe accommodated, to the Segments (of ſuch Legs, 
or Tangents, ) Cut off by Lines Parallel to the Baſe. Namely, The Squares of fach 
Segments ( intercepted: by thofe Parallels) rogether taken , ( the Axe of ſuch Tra- 
pezinm remaining the ſame, ) are the ſame - Whether ſuch-Trapezium be Erett , 
or howeyer inclined. For ſuch Segments , are ſtill Proportional to their 
Whhotles, 


CHAP. YL. 
Application thereof to particular caſes. 


[. F A be a Right-angle, (or of go Degrees,) GT are Co-incident, and w = o. 
and therefore, _ CD=o. Andconſequently (by $ 7, Chap. preced.P) 
? ko 


Bq= (Cq+Dq © -CN=) Cq-+-Dq. 

II. If A=120 Degrees; then is V (that 1s, the Angle/ contained of ,G I ) 
= 60 Degrees: (as being always the Difference of 2 A -hpr Sag Right-anptes:) 
And conſequently GT w an Equilater Triangke, (for fach aMo are the ARR ar 
the Baſe ; each of which i$ the Complement of A to two Kight-angiesy* And 
therefore, y =G; and Bq=Cq+Dq+CcD. © 


III. If A= 60 Degrees: Then alſo is V = 60 Degrees, and y =G, as before. 
And therefore, Bq=Cq-+Dq—CD. - | 


IV. If A=135. Then V = 90: And therefore, (by F 1.) «q =Gq-+rg, 
that is (becauſe G=T,) xq=2Gqz and «=Gy2: And therefore, Bq = 
CqhHDq+cDy2. . | | | 

V. If A= 45, Thaw, V= go; And therefore, (as before) « = Gy 25 
and conſequently, Bq = Cq+Dq—CDy 2. - 


rq--GT ; that is(becauſe G =T,) « q=3 Gq,andu=Gy3. 


VI. If A= a or phat And therefore, (by $2.) «q=Gq-+ 
And Bq = Cq-+ DqzZCDy 3: 


YL fA=M 


VIL A=157:7Then V= 135. Andu=G v:2--V2: (by $ 4.) And 
©. Aa) therefore, Bq=Cq-E-DqZCDy:2 +y2. 


X. WA 112:@Then V = 45. And p=Gy:2—yv 2:(byS 5.) And 
XI. KA=—= 6-3 


therefore, Bq=Cq+DqECDy:2—y 2. 
As SNH 
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$1. HA= "mc And «=Gy: 2-[-y/3 : (by $6.) And there: 
; +42 
— t Je ala 2: = 
TEC Dq=CODy:: v3:=) + CD. 


XIV. If A= 1057 Then V=30. Ande=Gy:2—y3: (by $7.) And there- 
_ C fore, Bq=Cq-|-Dqt (CDy: 2—y3: 2c D. 


7H A795 


Then V= 165. And (by $12.) »=Gy:2-þy:2+y;. 
2 


=6Gw/: 2+ _— And therefore, Bq=Cq+ Dq# 
(CDy:2-+v:2-+v/3.=) CD v:2+ YO2 


XV1.-HA= 1725 
STE WHA=9s 


Then V=1g. And (by $13.) «= Gy:2—wy:2+4y3. 
=G:2—Y%?. and Bq =Cq+Dqt(CDy: 
| v/ 6-1-2 

— 


XVIII. If A=97< | 
S103 it A = $2= owe: 2+y3.=)CDy: 2 — 
EE KA= 1425 
HAD; 


=6Gy: 2+ FO, And Bq=Cq-+DqtZ(CcDy: 
6—v2 


2 


"= 105. And(by $14.) p=Gv:2+v:2—y3. 


2+4/;2—y;z.=)CDy:2+ 


\ (Then V=75. And (by$15.)p=Gy: 2—y:2—y 3. 
A A==L275 =6Gv: 2—LL And Bq=Cq+Dqz(CDy: 
XXIII. If A = 525 


2—+/:2—4/3.=) CD Vi2—HY. 


And, in like manner, we may proceed to leſſer Arches , determined by quar- 
ters of Degrees. For like as here, by help of $ 4, 5, 12, 13, 14, 15. we have 
performed $ 8, 9, 10, 11, 16, 17, 18, 19, 20, 21, 22, 24- Which proceed to half 
Degrees: So by the help of theſe, we may proceed to Quarters of Degrees. And 
farther if we pleaſe : Bur I ſhall at preſent reſt at half Degrees. 


Moreover, aſſuming (as elſewhere proved) the Subtenſe of 36 Degrees, or the 
ſide of the inſcribed Decagon ; Namely, ETON R. (by 9 EL. 13. and 4 El. 14. 


2 
Or, 55, 56, Chap. 32.) we may, from thence, thus proceed. 


ha Vt, a 0 « 
x00, a= 108 [Then V=16 And «== G=G/2=6Gy: 


2—LL And Bq = Cq+Dqzt(CDy:2- 
XXV. If A=72 HH DYE) ep. 


2 


| RD fl i age 
XVI. If A= reg The V = 108. And «= (by $24)G v:2+ YE. 


=6/ 1 VG And Bq=Cq+Dq? 
XXVII. If A =36 /eonynr t="=cnyit— Vu C D. 


2 


KXVUIL. If 
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Gi, mm V=72 And by $25.) 6 =6 v:2— Vi! 
_ 


Gy? And Bq=Cq|Dqz(ODy: 2—: 
XXX. tf A= mo Y © And (by $ 26.) «=Gy: 2-1- vets 
Gf —— And Bq = C q -|- Do *GC Dy 
(XXII A It SG I-V5 
2 


XXXIL If A= 153 Then V= 126. And (by $23) p=6G v: 2b, 
2 
XXX11. Az 27 SAnd Bq=Cq--DqiCDy:2-y v5 


XXXIV. If A=r17\ ThenV = 54. And (by $ 29.) «=Gxy/:2—v4 SINE 
; 2 


\ WO ES 
AXXVE- I A = (And Bq=Cq--DqiCcDy::—_y — 5 


XXXVI. If A=171C Then V= 162: And (by $30.) «=Gy: 2» of EEE Eg 
*XXXVIL If A=9)And Bq=Cq-+Dqt CDy: 2+ fi v5, 


XKAXVHI KA=S __ Y= 13. And(by63r1.) u=Gy:2—y Ls 


XXaix. If A=81 And Bq=Cq-+DqtCD/: 2=o/ IE 


Then V=153. And (by$32.)u=— Gy:2-þy:2-b4y/ 


XLL K A= 19% ns. 2. 
| 2 


XLII. If A = 1037 


Then V = 27. And (by$ 33.) p=Gy:2—wv:2+4/ 
=v5, And Bq=CqHDq_CDy:2=y:2--v/ 


KL. If A = 65 


ea+Dqt CDy:2+y/2a i= 


A 
- 


XIV. I A = $6 


XLVI. If A =121Z Then V = 63. And (by.$ 35.) Bq=Cq+Dq! 


XLIV. If A= 1485 | "ah 117. And: conſequently, (by $ 34.) Bq = 
JeDvinmy/ 24 = 


2 


XLVIL If A = 535 


Fj | XLVHL, If 
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XLVIILIfA=175* I Then V = 171. And od aa ) Bq=Cq+Dgqt 
XLIX. If A=42 CDyi2Þ+y: 2+/ 3 


L. If A = 94%: QThea V==9. nies dat at 
L.A =852 22—=vi2+ E237 


LII. If A = 139*{Then V = 99. And (by $38.) Bq=Cq+DqtcDy: 
: : bf is. | 
LIII. If A=494Z - ard p- 


LIV. If A= _— 8r. And (by $ 29.) Bq=Cq-+DqtcDy: 
. ; 2. 8h. & } 


And, in like manner, by help of $ 4o, 41, &c. We may proceed to Arche 
determined by Quarters of Degrees z and further if need be. 


Again, becauſe the Subtenſe of 72 Degrees, is R / = and the Subtenſe 
of 60 Degreesis R: We may thence ColleCt the Subtenſe of their Difference, 
which is that of 12 Degrees; namely, R into y/ i / Ls ? : 0 


Wnt ns —L ZR. And thence proceed _ 


Lvl. If A=9g6 QEThenV = 12. And therefore, Bq=Cq-+ Dq? 
mnt, —X5=2 cp. 
LvIil fA = 84, & 


| LVL Hf A= 1386 ThenV=36. And (by $ $6) Bq=Cq+DqzCDy; 


VF, 4 En any} Gn ; =coDy LL La 
MX. KA=g (= = DEED eivtcp. 
| - Then V = 84. And (by$57.)Bq=C * (CDy: 
EX. A = ER Sr. m— os, Sane 
4 


LXI. If A = 48 F =) DE op. 


| | _ A b ——_ y 94s 
LXIL If A= 159 =. a4 wy En SENS =(CDv: 
: =CD y/:2+v 


LXIIL IfA=2r. ets: Eh op yEtiiorevuoteys 


LXIV. If a= - 2 Then V=42. —s $9-) Bq=Cqþ+Dqa(CDy: 


amet PEERS, =CDy/12—v 


— 30—6ys: 8=VI5t/3—4:104245 
—)CDy ny” 


LXVI, If 


LXV. If A=6 
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C Then V=132, a nga Cqþ-Dq=(CDy: 
—O&S: — — 
LXVL. If A= 156 [2 vi 2— _ '— ,=CDy: 2+4 


8 — 4: 30 — 6 Mn _—__ 
= v: 30 v5 bt ca. 


4 
IS 30—6y5: =CDy 81-4: ES —x/5-\-I 


k | =co/=itty: :30+64y5: BRA _ It |- 1D, 


> 


LXVII. If A=24 


Then V = 48. And (by $61.) Bq=Cq-+Dgt (CDy: 
: 2—x4:2— Les —4/ 5 —1 —CD 
+ LAVIIL If A=114 = of Joo of 
* JR a cr NS E 
y : 30 ws 5 Oz co, 


4 
9-4 $—v: 30—6 4/5: v* 30-|-64/5:z—/5 +1 


q 


n EXIX. If A= 66 4 A 2 4 FT 
CDy LEGS ritdio=as CD. 
e LXX. If A=169E CThenV = 159. And (by $ 62.) Bq=Cq--Dq# 
I hs 8--/15—4/3--v: 10-(-2 YE ad 
LXKXI. If A = 19S | 4 


LXXII. If A= 100ECThen V = 21. ' And (by $ 63.) Bq=Cq+Dqz 
ED: na. a 15—4/3--v: I 

LXXIIL. if == : 4 

LAXIV. If A=145Z, Then V= 111. And (by $ 64.) Bq= Cq+-Dqzt 


: 8—/15+v/3—v:10+2y5: 
LXXV. If A= 34 90Dv:2+ ny : 


8—y/15-H4/3—v: 10925; 
2 — - 


LXXVI. If A= _ pO” 08 And (by $ 65.) Bq=Cq+DqZt 
LXXVIL If A =x$5, 8&P 


++ LESS 4/51: =CD yz v5+4/:30—6ys5: 
4 


v:30+645:4-4/5—1 CD. 
4 


LXXVIIL If A=168( ThenV=156. And(by $66.) Bq=Cq-+Dq#(CDy: 
==) 


LXXIX. If A = 


LXXX. If A = 102 


LIES hs ihe Be HAR CD — :30—64/5: 


i hen V=24. And (by $ ys ) Bq=Cq+Dq=Z#(CDy: 


v:10- Mays W15-Tv3 CD. 
4 


LXEXXL If A =+8 { =) 


Leen. WA = 197 T2" V=114, And (by 5.68) Bg = Cq+-De: 
(CDy: 2+ =) CDy 
LAXXIIL If A= 330 EEntt _ 10=2V5 


LXXXIV. If 
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CHA= 177 AZ —= 174. And (by $86.) Bq=Cq-þ-Dq# 


Then V = 66. And (by $ 69.) Bq=Cq+Dq# 
(CDy: 2 ems VI 10 —245: =) CD y/ 
v3 Eono—2d4 

, : 


LXXXIV. If A=123 


CXEXV. t A=xs 


7 Dus 64/5: 5—1: =D Ia/5+vy: 304 6 v5: 


4 
Ah +/3+v/: 10—2y5: 
4 


LXXXVI. "* Then V=168.. And (by $78.) Bq=Co4-Dqz(CDy: 


LEXKVIL If A=6 CD. 


(GDy: 2+ vi 1-þ 245: ; —4/15-|v/3 =) CD.y/ 


$--4/3—v 15-+v: 10 Þ2v5: 


_ = Then = 102. Jn (by $ 80.) Bq=Cq+Dq?t 
4 


LXXXIX. If A=39 


(CDV: 2 Lay IR v3: =) CDvV 
8—y/3-Fv/15—wv:10--2/ = 


XC. If A = 120. = And (by $81.) Bq=Cq+Dqt# 


I A= x1 


XCIL If A = 163= Then V = wo And (by $ 82.) Bq= - Cq+Dqt 
JH bb o/15—vcionys: 


4 


XCIIL. If A = 262 <P 


r* D of: en of 8] 8-1 33-v15—v: as. tea 
: 4 


XCIV. Jf A = n= 33. And (by $ 83.) Bq=Cq-|Dq# 


Soy. Kf A=73E 
XCVI. If A = 151*5QThen V= 823. - _- Oy Ig ION, 


—v 15-Fy/:lo—24/ 
XCVII. If A=28- CDy:2ty — 4 , 


XCVIII. If A=118*CThen V = 57. And (by $85.) Bq= er WR 
__ 8—/3—w15-t-v/:10—2/ 
XCIX. If A = 614 CDy: 2--v 4 


(CDy: ng. £2 +434: 10—2v 5: 


4 
&b-V/3tv15þ4v/10—2v5: 
4 o 


=) CDy 
EM A= 3 


_ w— 2 4a/ 
BD: 2 — CELLELLELLS Wy CD V 


CIII. If A = 87 Gr 02/5: 


CL. fA=9: Then V—6. And (by $ 87.) Bq=Cq-þDqiz 


2 ©» BY. 2 = / ELIT: 10-þ24/* v5: 


HA —= "vs V — 141. And (by $88.) Bq=Cq--DqZ* 
RHA=1- 
CYL, If 
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CL HF A=X 1097 ants == $0; And (by 89.) Bq=CqþDq? 
a, 8B-vV3—v/15--v: 10-[2v5: 


CVII. It A = 963 Fn Dy: 2—y ; 


CVIII. It A= 1543 Then V = 129. And (by $ go.) Bq=Cq-|-Dqt 
CDG, nts —vacraws 
CIX. H A- = 2 V+: < I 


4 


CE. If A = 115% Ws V=51. And (by $91.) Bq=Cq-|-Dq# 


=  8—/3-E/15—y:10 4-245: 
CXI. If A=64* $- oy monl $08 


[ 


CXII. If A= 1983 (Then V = 177. And (by$ 1co.) Bq=Cq--Dq #+\ 
C1) .7- IM , 8-|-/3:1-4/15-F-v/clo—24y5: | 
CXIM. If A=14 QED vi 2+» 


CDy: 2—4/ CC RnE ——— 


CXIV. If A = at} ay V=3. And (by$ 101.) Bq=Cq-| Dq * 
CXV. If A = 85 


CXVI. If A = 1363CThen V=9g3. And (by S102.) Bq=Cq+Dq# 


CVII. If A = £5 JED 2-4 oo : 47 
ONTUR "= V=87. And (by $ 107.) Bq=Cq-|-Dq + 
y 


CDyV:2—yxy : x2 


And, in like manner, (by help of & 70, 71, &c. 92, 93, &c. 104, 105, &c. 
as was ſhewed at F 23.) we may proceed to Arches determined by Quarters of 
Degrecs;z or yet further, if there be occaſion. 


But we content our ſelves at preſent to reſt at half Degrees. Having hereby 
fitted ſubtenſes to every three halves of a Degree throughout the Semicircle. 


C EATF. 
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GAAP. VIII. 


Of the Canon of Subtenſes, and Sines; Of Tangents alſo 
and of Secants. 


ROM what is delivered in the foregoing Chapter ; it is eaſie to con- 
ſtruCt a Canon of Subtenſes or Chords, in Surd Roots, to every Three- 
halves of a Degree throughout the Semicircle. "The halves of which Sub- 
tenſes, are the Right-ſines for every Three-quarters of a Degree 


throughout the Quadrant. 


( And thence, if need be, many Canons of Tangents and Secants, be deduced, 
in Surds Roots.) | 


And hereby, any who pleaſe, may either make new Tables, in Numbers , 
(to what accuracy he pleaſe,) or examin thoſe already made. 


For to every Subtenſe , to be ſucceſſively ſought, there will need but one 
extraction of the Square Root ;; ( and, ſometimes, not this ;) the reſt of the work 
being diſpatched by only Addition and Subtraction; or, at moſt, Diviſion alſo 
by 2 or 4. : 


As, for Example : Suppoſing the Radius of a Circle R = 1. Then (becauſe 
theſe, in the ſame Circle be all equal,) C= D = 1. And likewiſe Cq=Dq 
—=CD=1. And B will be the Subtenſe of the Angle propoſed. 


Therefore, (by F 1.) the Square of the Subtenſe of go Degrees, Bq=Cq 
Dq=1-1i=2. And the Subtenſe it ſelf B=y/ 2: Which is had by one 
extraction of the Square Root of the number 2; continued in Decimal Parts to 
to what accuracy we pleaſe. Suppoſe y/ 2=1 . 42421356 þ proxime. 


Again, (by $ 2.) the Square of the Subtenſe of 120 Degrees, is Bq=Cq+-- 
Dq+CD=1-+i--1=3. And the Subtenſe it felt B=4/3: Which is 
likewiſe had by one extraCtion of the Square Root of 3. Suppoſe / 3= 1 
. 73205081 — proxime. 


The Square of the Subtenſe of 60 Degrees, 1s (by & 3.) Bq=Cq+Dqgq— 
CD=1-+1—1=1. And therefore the Subtenſe B = 1. 


The Square of the Subtenſe of 135 Degrees, is (by $ 4.) Bq=Cq+Dq+ 
CDy/2=1-|-1i-|y/2=2--4/2. Which is had by adding 2, to the value 
of 4/ 2 already found at F 1. Thatis, 2+y2=3.41421356-. And fo by 
one extraction of the Square Root of this number, we have the Subtenſe of 
135 Degrees: Namely, B = (y/: 2+ 4/2: =y 3. 41421356 + =) 
1. 84775906 ; proxime, | 


So (by S 5.) the Square of the Subtenſe of 45 Degrees, is Bq=Cq+Dq 
—CDy/2=1-þ1—y2=2—42. That is (by ſubtracting from 2 the 
value of ,/ 2 already found,) Bq = o. 58578643 4 proxime. The Square Root 
of which , now to be extrated , is B=y/:2 —y 2: = 076536686} 
proxime. 


And 
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And (by $ 6.) the Square of the Subtenſe of 150 Degrees, is Bq-|Cq- 
CDyz3 =i-þi--y3=24-y/3. Which is had, by adGing 2 to the value of 
y all ready found. That is » Bqa=2-|y/ Z=3 » 732OFOOI -— , T he Root 
of which (now to beextratted) is B=y: 2-|-4/3:= 1.93 1$5165-þ proxime, 


Or thus: Becauſe /:2 +3 an Ks —_— (as will appear, either by 
the Squaring of this , or by A— the Square Root of the Binomial 
2-|-4y/ 3:) Having, as before, the value of / 2 = 1.41421356 +; and (by one 
extrattion now to be made) the vahic of 4/ 6 = 2.449483974-] (or, it may be 
had by Multiplying the value of 4/ 2, by that of 3, already known; becauſe 
w2x4/3=46:) we have thence 4/6 4-4 2=3. 86370330; and the half 


thereof EYE 1.y3i85165 4+. As before , 


So (by F 7.) the Square of the Subtenſe of 30 Degrees, is Bq=Cq-þ-Dq 
—CDyYz3=1ipHi—y/3=2—y/3=0.26794919—; (which is had by. 
SubduCction only , the value of y/ 3 being found before.) The Square Root of 
which (now to be extracted) is the Subtenſe B=4y/: 2—y/ 3; =0.5176380g 
proxime, 


Or thus, (without extraCting a Root;) becauſe y/: 2—4 3:= CLE | 


- : 
Therefore, (the values of /6 and y/ 2 being had before:) by SubduCtion only 
we have / 6—+y/ 2=41.03527618 proxime,; and (the half of this) —_ 4 
= ©. 51763809:proxime : As before, 


And in the reſt, (taking the Propoſitivrs or Paragraphs as they are before 
ſet down in the former Chaprer,) there is need but of one extraftion of the 
Square Root (and oft-times not of one,) for findirig of each Subtenſe. 


Theſe Subtenſes being thus had; the halves thereof are the Right-ſines of the 
half Arch. As for .Exaniple. 


Arches: Subtenſes, Zines, Arches. 
| Degrees. 99 1:414213 ſe 0.707tc673 + a5 Degrees. 

120 1,73205FoRl —- 0©:36602540 * 60 
60 1.00000000 O; 50000000 30 

135 1847559063 0923879535 G73 
45 0.7653668679 — 0:38268343 3 22% 

450 1.93185165+ 0.96 _—_ s 
30 o:5176380g ©.25881954 7 Is 


Now follows the Table of Subtenſes in Surd Roots, anſivering to each three 
halves of a-Degree throughout the whole Senlicitcle ; (and confequently , of 
their Reſidaals to a whole Gircle , whoſe Subrenſes are the fanie with theſe: ) 
Putting the Radius R =t, nd therefore C='D = 1, and likewiſe ay 
Dq=z=CD= 1: With neferences in the. Margja tothe Paragraphs of the for- 
mer Chapter from whence they are derived; 
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And, in like marner, we may procced to deſign, by Surd Roots, the Suh- 


' tenſes of 2 rches as ſmall as we pleale,, by a continual Biſection of theſe Arches. 


The halves of which Subtenſes, are the Right Sines of the Half-Arches. 


But, to deſizn an intire Canon of Subtenſes and Sines, anſwering to each 
finele Degree, and the Sexageſims or firſt Minutes of ſuch Degrees: Wl (betide 
the extracting the Square Roots, of ſuch Surds, in Numbers, require alſo 
the Analylis (in Numbers) of Two Triſections, and of one QuinquiſeCtion of 
an Arch. 


For, the former proceſs reaching no farther than to the Subtenſe of 1 4 De- 
grce; and conſequently to the line of 4 of a Degree, or of Min. 45 = 3x3 x5: - 
\We may thence, by a TriſeCtion twice performed ; and a QuinquiſeCtion once , 
proceed to the fine of x Minute. But not by Bilſections only , or operaticns 
thence deduced. 


But, theſe operations being ſo (as is ſaid) performed ; the reſt of the work 
is calily diſpa:ched by help of $ 9, 10. Chap. 6. for finding the Subtenfe of 
the Sum or Difference of thoſe Arches whoſe Subtenics are already known. 


CHAP. IX. 


Of Angles compared with they Arches on which the [tand. 


[. HAT The Angle of a Seftor , 1s proportional to the 
doth inſiſt; whether ſuch Angle be at the Center, or at the)Circumference : 
And, that ſach Angle a che Cerer , 15 doable to that fit the Circumfe- 
rence: Is ſhewed by Euclide long ſince ; and 1s penerally known. 
But not ſo, in caſe ſuch Angle be any where elſe, whether within or without 
the Circle. It will therefore be not amiſs, to purſue that Notion a little far- 
ther ; as here tolloweth. 


II. If on the Diameter of a Circle D F, be for- 
med, at the Center C, an Angle BAD; the inter- 
cepted Arch BD, is Proportional to the Angle. (by 
26, 27. El. 3. and 33, El. 6, of Euclid.) That is, 
the Arch intercepted B D, is ſuch a Part of the 
whole Circumference ; as is the Angle A, of Four 
Right-angles. And accordingly the Angle A, is ſaid 
to be, of ſo many Degrecs, as is the Arch B D. 


IN. If BA, DA, the Legs containing ſuch Angle, after a Decuſlation at C, 
forming the Vertical Angle E, be continued, on the other fide, to the Circum- 
ference ;* the intercepted Arch G F, will, (by $ 2.) be equal to BD, (becauſe 
of the Vertical Angle E, equal to A: ) And, conſequently, the Aggregate of 
both» B D-]-G F, 1s double to BD. That is, BD-þGF= 2 BD. 


IV. If at F the end of the Diameter, be formed a like Angle A; the inter- 
cepted Arch HD, is likewiſe double to BD. That 1s, HD = BD-|-GF 


—=2BD. Becauſe (by 20. El. 3.) the Angle at the Center, is double to that 
at the Circumference , on the ſame Arch. 


Or 
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Or thus, becauſe (by Conſiruttion) FH, GCB, are Parallels: ( as making 
equal Angles with Fi: ) Theretore, HB=FG=BD. And, conſequently , 
H D = k B-EBDreF0G-|B D=3iEBD. Gyy3.,) 


V. If at KR, (any cther Point of the Diameter within the Circle,) ſuch Angte 
Abe made, (with its Vertical E:) the Aggregate of the two Arches intercep- 
ted, FL -|-MD, is Double to B D. Thatis, FL-EMD=FG--BD= 
2 Bi). For, (drawing the ſtreight Line A M,) the two Internal Angles FM L 
-- MEFD, are equ:l to the External MR D= A=HFD (which is an Angle 
zL the Circumference.) And therefore , the Arches oppoſite to thoſe F L-|- MD, 
£qi al to the Arch oppoſite to this HD=2 BD: (ByF 4.) 


Or thus, becauſe FH, LM, be Parallels (as making like Angles with F D,) 
there'ore, FL=HM, and FLEE MD=HM- MD=HD=2BD. 
(BYS 4.) 


VI. If at N, a Point of the Diameter produced , without the Circle; be 
formed a like Angle A; the Difference of the two intercepted Arches, QD — 
PF, is. equal to the ſame HD, or the Double of BD. For, PQ, FH, being 
Parallels, (as making like Angles with DF produced,) and therefore, PF= Q H: 
Therefore, QD=—=PF=QD—QH=HD=2BD. (ByY 4.) 


VII. The ſame will hold, though neither of the Legs containing the Angle 
do paſs through the Center, (and therefore lie not upon a Diameter; ) as I 
ſhall now ſhew in the ſeveral Caſes. 


VIII. IE ML, uv A, make MK an Angle at K any where , within the 
Circle, Let Bc þ be a like Angle at the Center, and the Legs of this Parallel 
to thoſe of that. And, by the Angular Point K, draw the Diameter F KD. 
Then is {by & 5.) MD LF = 2BD: And vD+\AF=2 þD. Therefore, 
(the Sum or Difference) M#(= MD ZvD)+LA(=LEZAF) = (2BD 
_2þ6D=) 2BÞ. 


IX. In like manner : If HF» bean Angle at the Circumference: And, at the 
Center, BC þ liketoit, and with Legs Parallel to thoſe: And F D a Di- 
ameter. Then (by S 4.) HD=2BD, and yD=2pþpD. Therefore, Hy 


(=HDZ»D) = (2BDZ2þD=) 2Bp. 


X. The 
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X. The ſame is to be underſtogd., in caſe one of the Legs touch the Circum- 
ference at F, (the Points F, H, being in this caſe Co-incident; the Arch F H 
vaniſhing to nothing, and the Arch intercepted H », the ſame with Fy.) For 
herealſo, HFD=2 BD, andvFD=2þD); and therefore, HFy (= HFD 
+yFD) = (2 BD: 2pD=) 2Bp. 


X1. In like manner: If QN x bean andle without the Circle, whoſe Legs 
cut itinP, -: And, at the Center, a like Angle and like fired BC. : And NFD 
a Diameter produced. Then (byS 5.) QD—PF=2BD, and x: D—--F 
=26&D. And therefore QDZxD wanting PFE=F, that is Qx—P37, is 
equal to 2BDZ 2 þD=2Bþ. 


N11. The ſame is' to be underſtood, in caſe one or both of the Legs do 
not cut, but only touch the Circle. For then the Points P, Q; or n,, x5 
(or both,) being Co-incident ; the reit proceeds as before. For ſtill QD—PF 


—2bD, and >: D—-FF=2þD; and therefore, ( the Sum or Difference) 
Qy, — PF = 2Bp. 


XIII. But in caſe one or both of the Legs paſs by the Circle , and neither 
cut, nor ſo much as touch it : It doth not concern the preſent butineſs ; for 


ſuch Angle doth not infiſt on a Circular Arch. The whole therefore ( thus 
demouſtrated ) amounts to this General. | 


XIV. If a Circle be cut (or at leaſt touched) by rwo ſtreight Lines, making an 
Angle: (and ſo, when continued, interſeCting each other : ) The Sum (if their 
interſeCtion be. within the Circle, ) or Di#ference (if without,) of the rwo Arches 
mntercepred by them (produced, if need be,) or (if their interſection be at the Cir- 


cumference ) the ſingle Arch by them intercepted ; is Double ro the Arch of a liks 
Angle at the Center. ; 


FINIS. 
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